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1. Introduction

Elliptic curves link number theory, geometry, analysis and algebra, and they find applications in
a wide range of areas including

e number theory, they are useful for solving Diophantine equations,i.e. polynomial equations
in integers or rational numbers, such as the Fermat Last Theorem;

e algebra, one can use them to solve instances of the Inverse Galois Problem, for example
for solving quintic polynomial equations;

e arithmetic, they are useful in the factorization of integers;

e cryptography, they are use in smart cards and in a lot of protocols.

Although the study of elliptic curves dates back to the ancient Greeks, there are still many open
research problems. Elliptic curves are arguably one of the most interesting and fun research
areas in mathematics. And now we begin our short journey.

Throughout these notes, K will denote a field.

1.1 Plane curves

Definition 1.1 A plane curve C over K is the set of solutions to an equation f(x,y) =0,
where f(x,y) is a polynomial in two variables with coefficients in K. We say that C is a line
(resp. a conic or a cubic) if the degree of f is 1 (resp. 2 or 3).

Example 1.1.0.1 (a) Lines are the simplest examples of plane curves. They are given by
equations of the form
ax+by=c,

where a,b,c € K are not all zero.

(b) Let K = Q, the plane curve C : y —x*> = 0 is a parabola over Q.
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(c) Let K = Q, the curve C : y> = x> +ax+ b, where a,b € Q, is a plane cubic.

(d) Letn € N, then the curve C, : x" +y" =1 is a plane curve. It is called a Fermat curve
(see Figure 1.1).

Figure 1.1: Examples of Fermat curves x" +y" = 1

1.2 Projective space and homogenisation

Definition 1.2 Let d > 1 be an integer. The d-dimensional projective space is defined by

PY(K) = (Kd+1 \{(O,...,O)}) s

where (xg,...,x7) ~ (Yo, ---,yq) if and only if there exists A € K* such that y; = Ax; for all
i=0,...,d. We denote the equivalence class of (x,...,xz) by [xo: - : xg4].
We call P! (K) (resp. P?(K)) the projective line (resp. projective plane) over K.

By definition,
PU(K) = {(x,y) €K?: (x,y) #(0,0)} / ~.

There is a natural inclusion
0: K—PY(K) x> [x: 1,
whose image is given by im(¢) = {[x:y] e P}(K) : y #0}.
Note that [x : y] € P'(K) is not in the image of ¢ if and only if y = 0. Hence,
P'(K) =im(¢)U{[x:0]: x £ 0} = {[x: 1]:x € K} U{[1:0]} ~ KLI{oo}.
The equivalence classes in P'(K) are lines through the origin in the plane, and the last equality

simply says that such lines are determined by their slopes. The point [1 : 0], which corresponds
to the line of co-slope, is called the point at infinity and is denoted by oo.
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Similarly, the projective plane P?(K) can be described as follows:

P?(K):= {(x,3,2) €K (x,y,2) # (0,0,0)} / ~
= {[x:y:z] cK’? :z#O}U{[x:y:O] : (x,y) # (0,0)}
={lx:y:1]:x,yeK}U{z=0} ~K*U{z =0},

where the set z = 0 is called the line at oo.

Definition 1.3 (a) Let F(X,Y,Z) € K[X,Y,Z] be a polynomial of (total) degree d. We say
that F' is homogeneous if every term of F has degree d, i.e, if F is of the form

F(X,Y,.2)= Y cuX'Y/z"
0<i,jk<d
i+j+k=d

(b) Let f(x,y) € K[x,y] be a polynomial of degree d. The polynomial F(X,Y,Z) given by

XY

F(X7Y’Z) :de(272

)

is homogeneous of degree d, called the homogenisation of f (with respect to the variable Z).

Let F € K[X,Y,Z] be a homogeneous polynomial of degree d. Then, we see that
F(AX,AY,AZ) = AYF(X,Y,Z)for allA € K.
Hence, F(a,b,c) = 0 implies that F(Aa,Ab, Ac) = 0. Therefore the set of zeros is well-defined.

Definition 1.4 Let F € K[X,Y,Z] be a homogeneous polynomial, the projective plane curve
% defined by F is the set of solutions to F(a,b,c) = 0 in the projective plane.

Example 1.2.0.1 The homogenisations of the curves in Example 1.1.0.1 are as follows:
(a) The parabola C : y — x> = 0 becomes € : ZY —X*> = 0.
(b) The plane cubic C : y?> = x> +ax+b becomes € : ZY? = X3 +aX 7>+ bZ>.

(¢) The Fermat curve C,, : X" +y" = 1 becomes %, : X" +Y" =Z".

tion of the curve € : Y2Z — X3 4+ 2XZ? +273 = 0 with respect to the variable Z is the cubic
C:y* — x> +2x+2 = 0. Moreover, given a projective curve we can easily find the intersection
with the line at infinity, it is enough to set Z = 0. In this example this implies that X*> = 0. So
Y#0and [X:Y:Z]=]0:1:0] is the unique point at infinity on the curve %.

Definition 1.5 Let & be a projective curve and P be a point on 4. We say that P is singular

if %(P) = g—l;(P) = g—g(P) = (. Otherwise, we say that P is non-singular or smooth. A

| Example 1.2.0.2 It is possible also to dehomogenise projective curves. The dehomogenisa-
‘ projective curve is called smooth is for every P on % the curve is smooth at P.
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Example 1.2.0.3 (a) The partial derivative of the curve in Example 1.2.0.2 are

oF oF oF

== =-3X>4+27% <= =2YZ, and = =Y> +4XZ+6Z%.

X T oy and gz T aReT

The point at infinity [0 : 1 : 0] is non-singular. So if P = [x:y:z] #[0: 1: 0] is singular, then
y=0and z # 0. In this case, dF /dZ = 2z(2x + 3z) = 0, which implies that 2x = —3z # 0.
Hence dF /dX # 0, which is a contradiction. So the curve is non-singular.

1.3 Rational points on curves

Definition 1.6 Let C: f(x,y) = 0 be a plane curve. We say that P = (a,b), with a,b € K, is
a K-rational point on C if f(a,b) = 0. The set of all K-rational points on C will be denoted
by C(K).

Similarly, let € : F(x,y,z) = 0 be a projective curve. Then, we say that P = [a : b : c|, with
a,b,c € K, is a K-rational point on € if F(a,b,c) = 0. We denote the set of all K-rational
points on ¢ by € (K).

Since ancient Greeks, the following problem has always fascinated mathematicians.

Question 1.3.1 Let C: f(x,y) = 0 be a plane curve over Q. Does C have any rational point? In
other words, is C(Q) not empty? and if C(Q) is not empty, can we describe this set?

We can reformulate this question using projective plane curves.

Question 1.3.2 Let € : F(x,y,z) = 0 be a projective plane curve over Q. Does & have any
rational point? In other words, is € (Q) not empty? If ' (Q) is not empty, can we describe this
set?

I Example 1.3.2.1 The curve X*+ Y2+ Z? = 0 has no rational (or real) points.

Example 1.3.2.2 The curve x> +y> = 3 has no rational points.

Proof. Tt is enough to show that the homogenized curve € : X? +Y? = 3Z? has no rational
point. For a contradiction, assume that [a : b : ¢] € € is rational, i.e. a> + b* = 3¢* with
a,b,c € Q not all zero. Then, without loss of generality, we can assume that a,b,c € Z, and
are coprime. By reducing modulo 4, we would have: a?,b%,¢*> = 0 or 1 mod 4. This implies
that 3¢> = 0,3 mod 4, and that a, b, c must all be even, which is a contradiction. ]

Around 250 A.D., Diophantus of Alexandria studied Question 1.3.1 for lines, conics and cubics.
In this course, we will see that our understanding of this problem for cubics is still far from being
complete. In the 16th century, Diophantus’ work was studied by Pierre de Fermat, who gave his
name to the so-called Fermat’s Last Theorem (FLT). This only became a theorem in 1995 thanks
to the British mathematician Andrew Wiles.

Theorem 1.3.3 — Wiles. Let n > 3 be a natural number. A triple (a,b,c), with a,b,c € Z,
satisfies the equation a” + b" = ¢" only if abc = 0.

Without loss of generality, assume that ¢ # 0, and set x = a/c and y = b/c in Q. Then, FLT says
that, for n > 3, the curve C, : X" +y" = 1 has no rational points, except for (0,£1),(£1,0) for n
even, and (0,1),(1,0) for n odd.
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In contrast, for n = 2, we know that FLT has infinitely many solutions by Pythagoras Theorem.
Indeed, recall that we can parametrize rational points on C, by using the map

Q = G@\{(-1,0)}

R (1—t2 2t )
142" 142"

which is a bijection, with inverse given by (x,y) — 13-
We homogenize this parametric solution by setting t = T'/U to get the (projective) map

PH(Q) — (V)

[T:U]— [U*=T?:2TU : U* +T7.
We thus obtain the commutative diagram

Q — &Q
‘| H

P(Q) — %(Q)

The bottom arrow is a bijection, which yields all the rational points on %>. In particular, we
recover the “missing point” on Cp: (—1,0) <> [—1:0: 1] forz = o0 <> [1 : 0]. As a consequence,
all the triples (a,b,c) € Z3 satisfying FLT for n = 2 are of the form:

a=m?—n*b=2mn,c=m*+n* m,ne Zandmn # 0.

It follows from the theorem below that there is no such parametric solution for n > 3.

Theorem 1.3.4 — FLT for polynomials. For n > 3, there are no polynomials a(z),b(t),c(t)
satisfying a" + b" = ", and which are non-constant and with no common factors.

Proof. Exercise: easy to prove. [Hint: differentiate.] |

Let us see another example where the obstruction to the existence of rational solutions comes
from arithmetic.

Example 1.3.4.1 The equation Y2 = X> + 6 has no integral solutions.

Proof. Assume there is an integral solution (x,y). First we will show that x is odd, and in
fact x = 3 mod 8. If x is even then y> = 6 mod 8, which is impossible. Thus x is odd, so y is
odd and x> = y> — 6 = —5 =3 mod 8. Since x> = x mod 8, we have x = 3 mod 8. Rewrite
y?=x3+6as

V2= +8=(x+2)(x* —2x+4),

with x> —2x+4 =3%2—-2-34+4 =7 mod 8. For any prime factor p of x> — 2x +4, we
have y> +2 = 0 mod p, so —2 is a square modp, and therefore p = 1,3 mod 8. Since
x?> —2x+4 = (x—1)? +3 is positive and congruent to 7 mod 8, not all its factor can be
congruent to 1 or 3 mod 8 (notice that {1,3} is a subgroup in Z/8Z*). So we have a
contradiction. To get a contradiction using the factor x + 2, note that this number is positive:
if x4+ 2 < 0 then y> +2 < 0, which is impossible. For any prime p dividing x + 2, then
y>*4+2=0mod p, so p =1 or 3 mod 8. Since x =3 mod 8, we have x+2 = 5 mod 8, so
there exist a prime not congruent to 1 or 3 mod 8 dividing it. |
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Bachet-Mordell equation
Let ¢ € Z be non-zero, and consider the equation
yV—x =c (1.1)

A rational solution (x,y) to the Bachet-Mordell equation (1.1) is a rational point on the plane
cubic (1.1). Bachet discovered that if P = (x,y) is a point on (1.1), then so is

P ¥ —8cx —x® —20cx3 4 8¢?
B 4y2 ’ 8y3 ’

3

Example 1.4.0.1 For c = —2, P = (3,5) is a rational point on y* — x> = —2, and we have:

P=(3,5)—P — 129 383 , (2340922881 113259286337279
T — \ 100’ 1000 “\ 76602 T (766003

Fact: The sequence P, P', P”,... never repeats. Hence, for ¢ = —2, the equation (1.1) has
infinitely many rational solutions.

A natural question is, where does this construction come from? The answer is from geometry!

Let P = (x,y) be a point on C : y> — x> = c. Then the tangent to C at P has slope % so has

equation Y —y = % (X —x). This tangent line L intersects C where

3x2 2
<y+ ;;(X—x)> _X3=q

which is a cubic in X. By expansion, one gets

3 9x* 2
X’ — 4—sz + lower terms = 0.

This has x as a double root and the sum of the roots equals Z—’y‘;. So the third root is given by

O oy — Ox* —8xy?  x*+8x(x*—y?)  x*—8cx

o
42 7T Ty 4y2 mr Y

Now P’ = (¥',y') where y = y+ % (x' —x). Bachet knew this construction in 1621!
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Question 1.4.1 For which ¢ € Z does equation (1.1) have infinitely many rational solutions?

The answer to that question was provided by the British mathematician Mordell. He prove that
this is true for all ¢ except ¢ = 1,432 (provided that you have a rational point). We will see later
that, using this and a similar construction for combining two points, the set of rational solutions
to (1.1) form a group. For example,

¢ = —2 ~ infinite cyclic group generated by (3,5)and P’ = —2P
¢ = 1,432 ~~ Cg,C5 (finite cyclic)
¢ = 1358556 ~» Z° (Womack 2000)

The record in 2009 was Z'? again by Womack. Now it is Z'3 for a massive number c.

Rr) Werecall, that for c = 432, the Bachet-Mordell equation only has finitely many solutions.

Note that if y?> = x> — 432 and we write x = 12 andy= 36%, then we get a® +b> = .
Conversely, set a =36+y, b =36 —y and ¢ = 6x. We recover the Fermat Last Theorem

forn =23.

Congruent number curves

Is there a right triangle with rational sides and area 5?7

a

For this, we need: ab/2 =5 and a® +b% = 2, which implies that

ab =10
a+b 2_a2+2ab+b2_cz+20_(c>2+5
2 - 4 4 2
a—>b 2_012—2ab—1—b2 _c2—20_ (£>2_5
2 - 4 4 2 ’

2 L . .
Let x = (%) € Q. Then x—5, x and x+ 5 are three squares in arithmetic progression and

(x—5)x(x+5) = y* with y € Q. So (x,y) is a rational point on the curve

Es:y? =x> —25x.

I Definition 1.7 We say that n is a congruent number if the right triangle problem has a
solution.

More generally, for n € N, let E,, : y> = x> — nx. If n is a congruent number then there exists
P = (x,y) € E,(Q) such that x = (£)* and y # 0. Conversely, if P = (x,y) € E,(Q), such that
y # 0, we will later see that the x-coordinate of 2P is a square. The curve E, is called the
congruent number curve for n.
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Example 1.5.0.1 Let Es : y> = x> — 25x. The group of solutions is isomorphic to Z /27 x
7.]27. x 7 generated by (0,0), (5,0) and (—4,6). Take P = (—4,6), then

2
2p— 41 7 —62279 .
12 1728

Letx = (33)% thenx—5 = (%)% and x+5 = (3})%. Thus

41 49 31
= b=— a—b="2
c 6,a+ 6,a 6’

which gives a = 5- and b = 5.

Fact: n is a congruent number if and only if E, has a rational point P = (x,y) with y # 0, and
this is equivalent to saying that E, has infinitely many rational points. The Birch and Swinnerton-
Dyer conjecture (BSD) gives a criterion for this to happen. The following result was proved by
Tunnell in the 80s.

Theorem 1.5.1 — Tunnell. Let n be an odd integer. Then if » is a congruent number then

#{(x,y,z) eZ®:2x* +y*+ 82 :n,zeven} :#{(x,y,z) eZ?:2x* +y*+ 82 :n,zodd}

The converse is a consequence of BSD.

1.6 A brief review on fields

Definition 1.8 Let K be a field, and K’ a field containing K. We say that an element o € K’
is algebraic over K if it satisfies a polynomial with coefficients in K. We say that K’ is
algebraic over K if every element in K’ is algebraic over K.

Example 1.6.0.1 (a) Every element a € K is algebraic over K since it satisfies the polyno-

mial x — a. In particular K is algebraic over itself.

(b) Let K=Q and D € Q not a square, and define
Q(vVD) :={a+bVD:a,beQ}.

Then Q(+/D) is algebraic over Q. Indeed, let & = a + b+/D and recall that the conjugate
of o0 is & = a — b\/D. We define

e the trace of o to be Tr(a) = a + @ = 2a.
e the norm of a to be N(a) = a& = a* — Db>.

It is not hard to see that « satisfies the polynomial x*> — Tr(a)x 4 N(a), so it is algebraic
over Q. Hence Q(+/D) is algebraic over Q.

(c) Letn > 1 be an integer, and K’ the subset of C defined by

K :=Q(,) := {ao—i—alé‘n—l—--‘—i—an_]g’f*l 1 ag,...,dp—1 € Q},
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where §, = ezn\nﬂ. Then K’ is a subfield of C which is algebraic over Q. In particular,

we have Q({3) = Q(v/—3) where {3 = % and Q(&) = Q(i) where 2 = —1.

Definition 1.9 Let K be a field. We say that K is algebraically closed if every polynomial
polynomial with coefficients in K has a root in K.

Let K be a field, and K a field which contains K. We say that K is an algebraic closure of K
if K is algebraic over K and is algebraically closed.

Example 1.6.0.2 The field R is not algebraically closed since the polynomial x> + 1 does not
have a root in it. However, the field C is algebraically closed (by the Fundamental Theorem
of Algebra), and is an algebraic closure of R.

Theorem 1.6.1 Every field K admits an algebraic closure K which is unique up to isomor-
phism.

Example 1.6.1.1 (a) By Theorem 1.6.1, every algebraic closure of R is isomorphic to C.
(b) Let Q be the subset of C given by
Q:= {x € C: xis algebraic overQ}.

It can be shown that Q is the unique algebraic closure of Q contained in C. Note that
since every x € Q is algebraic over Q, it is enough to show that it is a subfield of C, i.e.,
it is closed under addition and multiplication.

Example 1.6.1.2 Let p be a prime number. The integers modulo p form a field ¥, with p
elements. By Theorem 1.6.1, F,, admits an algebraic closure F,. Suppose that we fix an
algebraic closure ), of IF,. One can show the following propositions:

e The cardinality of every finite subfield of I, is of the form ¢ = p", with n > 1.

e For every prime power g = p", there is a unique subfield [, of Fp of cardinality g. In

fact, one can show that
Fq:{xer:xq:x}.
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2. Elliptic curves and group law

In this chapter, we introduce the notion of elliptic curves. We will define the group law using the
chord and tangent process, which dates back the ancient Greeks.

Weierstrass equations and elliptic curves
Let K be a field.
Definition 2.1 An elliptic curve E defined over K is a smooth plane cubic curve given by a
long Weierstrass equation:
y2+a1xy~|—a3y:x3~|—a2x2+a4x—|—a6, (2.1)

where a;,a,,a3,a4,a6 € K.

The homogenization of the curve E in (2.1) is given by
Y’ Z+aiXYZ+a3YZ> = X° + axX*Z+ asXZ* + as Z’. 2.2)

The only point at infinity on this curve is [0 : 1 : 0], we denote this point by e from now on. We
will see that this point is the neutral element in the group structure on E.

Example 2.1.0.1 o We already saw few examples of elliptic curves in the introduction:

(a) The Bachet-Mordell equation E : y?> = x> + ¢, where ¢ € Z is non-zero, is an
elliptic curve.

(b) The congruent number curve E, : y> = x> — n’x, with n € N, is an elliptic curve

curve.

(c) y*=x’+xisan elliptic curve, etc.

e The curve E : y? +y = x> — x is an elliptic curve over Q. Indeed, let P = (x,y) be a
point on E. Then E is singular at P if and only if 2y + 1 = 0 and 3x> — 1 = 0. So we
must have P = (—1/+/3,—1/2) or (1/4/3,—1/2), which is impossible since none of
these point lies on E. Hence E is non-singular.
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In practice, it is often desirable to simplify Equation (2.1). This is possible provided that
char(K) # 2,3. Indeed, when char(K) # 2, we can complete the square in (2.1). This amounts

to making the change of coordinates

X =x
y=y+ %(a1x+a3).
to obtain a curve with a medium Weierstrass equation
y? = x> +dbx® +ajx + aj.
If in addition char(K) # 3, we can make one further change of coordinates
_ 1
¥ =x43d,
Y=y
to get a short Weierstrass equation

y2 = )c3 +aZx+a’6'.

r) We will mostly work with short or medium Weierstrass equations.

We now give a criterion for a short Weierstrass cubic curve E to be an elliptic curve.

2.2 Discriminant

(2.3)

2.4)

Definition 2.2 Let f(x) = ap+aix+... +aux™, g(x) = bo+bix+ ...+ bx" € K[x] be
polynomials of degree m and n respectively. The resultant of f and g, denoted by R(f,g) is

the determinant of the (m + n) x (m+ n) matrix

(apy a1 - am_1 am 0 0 - 0
0O ay -+ am— am_1 ap 0 - 0
0 e ao e am
by b b,1 b, o --- 0
0 by b, b, b, ... O

0 by b by |

1 0 1 00
01 0 10
R(f.g)=10 0 1 0 1/=5
1 -1 0 10
0 1 —-101
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Lemma 2.2.1 Let f,g € K[x] be two polynomials of degree m and n respectively. Then f and
g have a common factor which is non-constant if and only if there exist non zero polynomials
¢,y € K[x] such that deg ¢ < m, degy <nand yf = ¢g.

Proof. (=) If f and g have a common factor 4 which is non constant, then f = ¢/ and g = yh;
soyf=9g.

(<) Suppose that y f = @g; then every irreducible factor of g divides either f or y. However,
since deg y < n, one of those irreducible factors must divide f. |

Theorem 2.2.2 Let f,g € K[x] be two polynomials of degree m and n respectively, given by

flx)= Zaixi, g(x) = Z bjxj.
i=0 =0

Then f and g have a common factor which is non-constant if and only if R(f,g) = 0.

Let F,G € K[X,Y,Z] be two homogeneous polynomials of degree m and n respectively. We can
view them as being polynomials in Z, and write them as:

F(X,Y,Z) =AoZ"+A1Z" ' - +A,
G(X,Y,Z)=ByZ"+BZ" ' +...+B,,

where A;,B; € K[X,Y| are homogeneous of degree i and j respectively. Similarly to Defini-
tion 2.2, we define the resultant of F and G with respect to Z. This is either a polynomial
RrG(X,Y) € K[X,Y] or O by definition. Moreover, if it is different from 0, this polynomial is
homogeneous of degree less or equal to mn. If F(0,0,1)-G(0,0,1) # 0 then Rpg(X,Y), the
resultant of F and G with respect to Z, is homogeneous of degree mn (similarly for Rr (X, Z)
and RF,G(Ya Z))

An analogous of Theorem 2.2.2 holds, namely:

Theorem 2.2.3 Let K be an infinite field, and F,G € K[X,Y,Z] be two homogeneous poly-
nomials of degree m and n respectively. Then the resultant Rr(X,Y) of F and G with
respect to Z is either 0 or a homogeneous polynomial of degree less or equal to mn, and if
F(0,0,1)-G(0,0,1) # 0 then deg(R(X,Y)) = mn (similarly for Rr(X,Z) and Rp6(Y,Z)).
The polynomials F and G have a common factor if and only if at least one between Rr(X,Y),
RrG(X,Z) and Rp(Y,Z) is equal to 0.

Example 2.2.3.1 The resultant of the polynomials F(X,Y,Z) = X>+Y?—Z% and G(X,Y,Z) =
Y?Z — X3 + XZ?* with respect to Z is

X% 4+y? 0 -1 0
0 X24+v2 0 -1
RX.Y)=| s v x o =4

0 X3 v X
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The resultant with respect to X is

Y:2-7?2 0 1 0 0
0 Y:-72 0 1 0
R(Y,Z)=| 0 0 Y2-7> 0 1|=v°®-270-4r*z> 577"
Y’z z? 0 -1 0
0 Y?Z 72 0 -1

Example 2.2.3.2 The resultant of the polynomials F(X,Y,Z) = XY +XZ and G(X,Y,Z) =
XY +YZ with respect to Z is

XY X

R(X’Y):‘XY Y

‘ =XY*-X%Y.
In this example F(0,0,1) = G(0,0,1) =0, and deg(R(X,Y)) =3 < deg(F)deg(G) = 4.

Definition 2.3 Let f be a polynomial of degree n in K[x|, with leading coefficient a,. The
discriminant of f is defined by

Ay = (=1)"=DRgR(F, £,

where R(f, f') is the resultant of f and its derivative f'.

Lemma 2.2.4 Let f be a polynomial of degree n in K[x], with leading coefficient a,, and

write
n

f(x)=ay[J(x—e;), withe; € K.

Then, we have

Proof. Straightforward computation. |

In particular, we have the following result for cubic polynomials:

Lemma 2.2.5 Let f(x) = x> + ax’> + bx + ¢ with a,b,c € K. Then the discriminant of f is
given by

Ap = —4d’c+a*b* +18abe — 4b° — 27¢* = [(e1 — e2) (e2 — e3) (e1 — e3)]?,
where ey, e;,e3 are the roots of f.

Proof. By definition, we have

c b a 10
0 ¢ b a1l
Ap=—b 2a 3 0 0|=-da’c+a’b*+18abc—4b> —27c".
0 b 2 30
0 0 b 2a 3
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Definition 2.4 Let E : y> = f(x) be a Weierstrass cubic, where f(x) = x> +ax? +bx +c.
Then, the discriminant Az of E is A;.

We are ready to state a simply criterion for a medium Weierstrass cubic to be non-singular.

Proposition 2.2.6 Let E be a curve given by a medium Weierstrass equation y> = f(x), with
f(x) =x*+ax*> +bx+cand a,b,c € K. Then E is an elliptic curve if and only if A # 0.

Proof. For simplicity, we assume that char(K) # 2. Let g(x,y) = y> — f(x), and P = (x,y) be a

point in E(K). Then, by definition

F=—r(=0
E is singular at P < — f(x)=f(x)=0.

<= fhas adouble root <= Ar = —R(f,f') =0,

where the last deduction follows from Theorem 2.2.2. |

Corollary 2.2.7 A short Weierstrass cubic curve E : y*> = x> +ax+ b, where a,b € K, is an
elliptic curve if and only if (its discriminant) Ap = —4a® —27b* # 0.

Let E : y?> = f(x) be a medium Weierstrass cubic, and e, e, e3 the roots of f(x). By Lemma 2.2.5
and Proposition 2.2.6, E is smooth if and only if Ag # 0, or equivalently, if and only if e}, e;,e3
are distinct. In other words, E is an elliptic curve if and only if f(x) has no repeated root.

Let us assume K C R, then we can consider the R points of E. If Ag > 0 then f(x) has 3 real
roots and the graph of E(R) has two components. Meanwhile, if If Ay < 0 then f(x) has 1
real roots and the graph of E(R) has only one component. See Figures 2.1(b) and 2.1(a) for
illustrations of the set E(R).

€1 F\ez €3 €1
(@) A>0& eq,e2,e3 €R. (b) A<O& e isreal,ep =3 ¢ R.

Figure 2.1: E(R)
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Bezout’s theorem

Let C: f(x,y) = 0 be a plane curve, where f € K|[x,y] is a polynomial of degree m. Let
C’ : y = h(x) be another plane curve, where & € K[x| is a polynomial of degree n (in one variable).
To find the intersection of C and C’, we substitute A(x) for y, and solve the equation f(x,(x)) =0.
However, the curve C’ cannot always be given in this form. The notion of resultant, introduced
in the previous section, allows one to determine all intersection points even when the polynomial
defining the curves are not polynomials in one variable: we will see this procedure at the end of
this section.

Note that we cannot always expect to obtain all the intersection points unless K is an algebraically
closed field.

Theorem 2.3.1 — Weak Bezout Theorem. Let K be an infinite field. Let F,G € K[X,Y, Z] be
two homogeneous polynomials of degree m and n respectively, without a common irreducible
factor, and let

Gr(K)={[x:y:z] € P*(K): F(x,y,z) =0}, b6(K)={[x:y:2z] € P*(K): G(x,y,z) =0}.

Then the set €7 (K) N 6(K) is finite, and contains at most mn points.

Proof. Let P, = [x; 1 yi: zi] € 6r(K)N%6s(K) for 1 <i <k be distinct points. Consider all the
lines through the pairs (P;, P;), with 1 <i < j < k. Since K is infinite, we can find a point R
which doesn’t belong to any of these lines. Furthermore, by a change of coordinates, we can
assume that Py = [0: 0 : 1]. The fact that the points Py, P;, P; are not co-linear for 1 <i < j <k,
implies that the points [x; : y;] and [x; : y;] are distinct in P!(K).

Now consider the polynomials f;(Z) = F(x;,yi,Z) and g; = G(x;,y;,Z). Since P, belongs to
¢r(K)N%6(K), we have fi(z;) = gi(zi) = 0. Therefore, by Theorem 2.2.2, f;(Z) and g;(Z) have
a common factor, which is non-constant. This means that Rr ¢(X,Y) must vanish at [x; : y;], i.e.
at P,. Since, this is a homogeneous polynomial of degree at most mn, we must have k < mn. W

Let P, = [x; 1 yi : zi] € €r(K)N66(K), for 1 <i <k, then Rr(X,Y) vanishes at all [x; : y;]. If
K is algebraically closed, this means that

k

Rec(X,Y) =X —xi¥
i=1

Note that there is a bijection between the points P; and and the linear factors of Rrg(X,Y).
We define the multiplicity of P, to be m;. Analogously, the multiplicity I(P;6r(K),éc(K))
of P € 6r(K)N%s(K) is that of the corresponding linear factor in Rr(X,Y). This gives
immediately the following theorem.

Theorem 2.3.2 — Strong Bezout Theorem. Let K be an algebraically closed field. Let
F,G € K[X,Y,Z] be two homogeneous polynomials of degree m and n respectively, without a
common irreducible factor, and let

Cr(K)={[x:y:2g €EP*(K):F(x,5,2) =0},  %5(K)={[x:y:2] €P*(K):G(x,y,2)=0}.
Then the set $F N6 is finite, and we have

I(P;6F,¢c) = mn
PECFrNés
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Corollary 2.3.3 Let K be an algebraically closed field, and F € K[X,Y,Z] an homogeneous
polynomial of degree d. Let " : F(X,Y,Z) = 0 be a projective curve of degree d, and L a line
not contained in €". Then LN % has exactly d points counted with multiplicity.

r ) The definition of the multiplicity I(P;6r,%4¢) given above clearly depends on the choice
of coordinates. One can show that this is in fact not the case.

Example 2.3.3.1

Find the intersection of the curves ¢ : X?> 4+ Y2 —Z? = 0 and
€' :Y?Z X34+ XZ? =0 over K = K with char(K) # 2. We
already compute the resultant of the defining polynomials in
Example 2.2.3.1: R(X,Y) = —Y%. So R(X,Y) = 0 if and only
if ¥ = 0. Substituting this in our equations leads to X? — Z? = -
X+2Z2)(X—-Z)=0and —X’+XZ*=X(Z-X)(Z+X) =0.
Since [X : Y : Z] must be a point in P?(K), we must have X # 0.
This gives X = +Z # 0, and we get the points P =[1:0: 1] and
0=[-1:0:1].

To compute the multiplicities of these points, we observe that one cannot apply Theorem 2.3.2
directly, since Py = [0: 0: 1], as in the proof of Theorem 2.3.1, belongs to the line joining
P and Q. To remedy this, we make the change of coordinates X =U —W,Y =V — W and
Z=W. Then, P and Q become P =[2:1:1]and ' =[0: 1: 1], and the equations of the
curves are

U?—2UW +V? - 2VW+W?=0
—UP+3U°W —2UW? 4+ VW —2VW?+ W3 =0

This yields the resultant
R(U,V) =U® —4U°V +4U*V? = U*(U —2V)*.

From this, we deduce that the multiplicities of P’ and Q’, and hence those of P and Q, are 2
and 4 respectively.

Alternatively, we can work in the affine plane since the curves do not intersect at infinity.
The dehomogenized curves with respect to z are given by C : f(x,y) = x> +y?> — 1 =0 and
C': g(x,y) = y* — x> +x =0. The resultant of f(x,y) and g(x,y) with respect to y is

=1 0 10
0 2.1 0 1

Rpg(x) = B4 * 0 10 =202 x4 - 24 1= (= D2 (x 4+ 1)
0 —X4x 0 1

The projections of P and Q to the affine plane are (1,0) and (—1,0) respectively, which have
multiplicities 2 and 4. Thus the multiplicities of P and Q are 2 and 4 respectively.

2.4 Definition of the group law

We will now proceed to define the group structure on E. To this end, we first recall the following
definition:
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Definition 2.5 Let E be an elliptic curve over K given by a Weierstrass equation (2.1). Let
K’ be a field containing K. The set of K’-rational points of E is defined by

E(K') := { [x:y:z] € PX(K') : 29% + arxyz+ asxz® = x° + apx’z + agxz? +a6z3} :
In other words, it is the set of K’-rational points on the homogenization of E.
Since P>(K’) = A%2(K’)U{Z =0}, and [0 : 1 : 0] is the only point at e on E, we can write
E(K'):= {(x,y) € K?:y? +aixy+azx = x> + arx* +a4x+a6} LI {eo}.

Example 2.4.0.1 Let K = Q, and E : y? = x> — 2. The set of Q-rational points E(Q) contains
P = (3,5). We have the natural inclusions

E(Q) CE(R) C E(C).
To define the group structure, we need to work with the K-rational points, i.e., the set

ER) ={(x,y) €K :y*+aixy+asx = x° +ax® + asx+ag} L {0}

Recall that, if L be a line in P?>(K), then Bezout’s Theorem implies that LN E has three points
P,Q and R counted with multiplicity. For P,Q € E(K), we denote the third point of intersection
of the line through P and Q with E by P x Q.

We are now ready to define the group structure on E(K).

Definition 2.6 The addition law @ on E(K) is defined as fol-
lows: for P,Q € E(K) set

PPQ:= (P*Q)*oo. F/)fj‘\

In words, to obtain the sum P & Q, we first draw the line L b

through P and Q (if P # Q) or the tangent line (if P = Q), and
let P+ Q be its third intersection point with E(K). Then, we
draw the line through P x Q and oo, and let P & Q be its third
intersection point with E (K).

Theorem 2.4.1 Let E be an elliptic curve defined over a field K. Then, E(K) is an abelian
group under the operation @, with identity element eo(= [0 : 1 : 0]). In other words, we have

(i) P&Q=0®PVYP,Q € E(K) (commutativity);

(ii) P@eo=P VP € E(K) (i.e., o is the identity element);
(iii) Let P’ = P*oo. Then P& P’ = o (i.e., the opposite of P is OP = P % oo);

(iv) P& (Q®R)=(P®Q)DR, VP,Q,R € E(K) (associativity).

Proof. The first statement is an immediate consequence of the definition. Indeed, the third point
of intersection of the line through P and Q is R = P+ Q = Q * P, and the line through R and
intersects E at P Q= QD P.
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To prove (ii) and (iii), let P € E(K). If P = o then, the (tangent) line at infinity Z = 0 intersects
E at o three times by Bezout’s Theorem; so

Otherwise, the line through P and o is a vertical line, whose third point of intersection with
E(K) is P’ = Px . Then, by definition, we have P P’ = o; s0

P@P/:(P*P/)*OO:OO*OOZOO, and
P®oo= (P%oo)koo=P sxc0=P.

The last statement (iv) is harder and we will come back to it later, after some preliminaries. W

Associativity of the group law

We now turn to the proof of associativity of the group law which is a consequence of Bezout’s
Theorem. We start with some lemmas on the intersection of conic and cubic curves.

Lemma 2.4.2 Let Py, ...,Ps be 5 distinct points in P?(K). Then there is one conic € passing
through them. The conic % is unique if no 4 of these points are on the same line.

Proof. Let ¥ be the set of all homogeneous polynomials in K[X,Y, Z] of degree 2. Then every
element of 7 is of the form

F(X,Y,Z) = voX?> + XY +voXZ +v3Y? 4 YZ +vsZ?,
where vy, ...,vs € K. This is a vector space since

AeK,FecV =AFcV,
FL,.heV=>F+FhecV.

The dimension of 7 is 6.

Let % be a conic in P?(K). Then, by definition, % is given by an element F € #. Note that
% is also the zero locus of AF for all A € K. Let # be the subset of ¥ consisting of the
polynomials corresponding to all conics passing through Pj, ..., Ps. The conic € passes through
the point P = [x : y : z] if and only if

F@%@sz+ww+mm+wf+mW+wf:0

This is linear equation in (vp,...,vs). Therefore, the elements in % are the solutions to a
homogeneous linear system of 5 equations in 6 variables. Hence, it is a vector subspace of
dimension at least 1. This means that, there is at least one conic passing through P, ..., Ps.

We are now going to show that, if no 4 of the points Py,...,Ps are on the same line, then
dim? = 1. Assume that dim % > 1. Then, there are two polynomials Fj, F>, which are linear
independent, such that the conics

G(K) =% = {[x:y:7 e P(K): Fi(x,5,2) =0}, i= 1,2,

go through Pj,...,Ps. So #61 N %, > 5 > 4. So by Theorem 2.3.2, F] and F, have a common
factor which is non-constant. Since they are linearly independent (of degree 2 each), this common
factor must be a linear factor. In other words, %) N %> contains a line, which contradicts our
assumption on the points Py,...,Ps. So dim# = 1 as required. |
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Lemma 2.4.3 Let P, ..., Ps € P>(K) be distinct. Suppose that no 4 of them are co-linear; and
no 7 of them lie on the same conic. Then, the subspace of homogeneous cubic polynomials
which vanish at Py, ..., P has dimension 2.

Proof. Let ¥ be the space of all homogeneous polynomials of degree 3 in K[X,Y,Z]. Then,
every element F € ¥ is of the form

F =voX> +viX%Y +vXY2 +03Y3 40 X2Z +vsXZ2 +v6Z3 +v1Y2Z +vgY 22 +voXY Z,

where (vg,...,v9) € K'. As in the proof of Lemma 2.4.2, we see that dim ¥ = 10.
Now, let P = [x:y: z] € P>(K), then F vanishes at P <= (v,...,V9) satisfies the linear
equation

F(x,y,2) = v0x° +v1X%y +vaxy? +v3y° +vax’z 4+ vsxz? + vz +viy*z + veyz? +voxyz = 0.

So the set of all F € ¥ passing through Py, ..., P is the solution space to a homogeneous system
of 8 equations in 10 variables. So it is a vector subspace, which we call #. We see that
dim%? > 10— 8 = 2. We will now show that dim % = 2.

Case 1. Assume that three of the points, say P, P, P;, are on the same line with equation
L =0. We choose Py on the same line. Every F' € ¥ which vanishes at P, ..., Py is of the form
F = LQ, where Q defines a conic passing through Py, ..., Ps. Since no 4 of the Py, ..., P belong
to the same line, Lemma 2.4.2 implies that the space of homogeneous polynomials of degree
2 which vanish on those five points in 1-dimensional. So, there is a conic Qy = 0 such that
F is a multiple of LQy. So the dimension of such cubics is dy = 1, and hence dim % < dy+ 1= 2.

Case 2. Suppose that six of the points, say Py,...,Ps, are on the same conic Q = 0. We choose
Py on Q = 0. Every cubic which vanishes at Py,..., Py is of the form F = LQ, where L = 0 is the
equation of the line through P; and Ps. As before, the space of such cubics is 1-dimensional, and
dm? <1+1=2.

Case 3. Suppose no 3 of the Py, ..., P are co-linear, and no 6 of them are on same conic. We
choose two extra points Py, Pjy on the line joining P; and P, with equation L = 0. If dim % > 3,
there would exist a non-trivial cubic F' = 0 passing through P, ..., Pjo. In that case, we would
have F = LQ, where Q = 0 is the conic passing through Ps,...,P;. But this contradicts our
assumption. So 2 < dim % < 3, and this concludes the proof the lemma. ]

Lemma 2.4.4 Let C; and C, be two cubics, one of which is irreducible. Let Py, ... P be the
points of intersection of C; and C,. Let C be another cubic which passes through Py, ..., Fs.
Then C also passes through P.

Proof. We keep the notations of the previous lemma; and let F;, F> and F be the defining
polynomials for Cy, C; and C respectively. Suppose that C is irreducible, then it doesn’t contain
a line or a conic. This means that no 4 of the Pj, ..., Py are on the same line, and no 7 of them are
on the same conic. So, by Lemma 2.4.3, the set of such cubics corresponds to a 2-dimensional
subspace # of ¥ generated by F; and F>. Therefore, we can write F = A1 F; + A, F>, with
1,4 € K*. So, we must have

F(Pg) = llFl (Pg) + Aze(Pg) =0.

Hence C passes through Py. ]



2.4 Definition of the group law 27

R) A curve is irreducible if the corresponding polynomial is irreducible, i.e. it cannot be
factored. Every elliptic curve is irreducible: it does not contain any line or conics. Indeed,
every elliptic curve is a smooth curve which satisfies a Weierstrass equation. This equation
is a polynomial equation in two variables, which is irreducible (this follows because the
curve is smooth).

Proof of associativity, sketch. (iv) To show P (Q@®R) = (P® Q) @R it is enough to show that
Px(Q@R) = (P®Q)«R, since the reflexion of the two points with respect to the x-axis will be
the same. To this end, define six lines Ly, L, L3,M,M,, M3 by their intersection with E:

e LINE:PQO,PxQ

e [LNE:Q*R,Q®R,o0

LsNE: P®O,R,(PHQ)*R

M NE: PxQ,0,PHQ

M)NE: Q,R,O*R

M3;NE: Q®R,P,P+(Q®R)

M M, M,
L P 0 PxQ
L QDR QxR oo
Ls Px(QDR)

(P& Q)*R R Po®Q

Figure 2.2: Associativity of addition law

Consider the two reducible cubics C = LyL,L3 and C' = M;M,Mj5. By construction, we have

e (C and E intersect in
P7Q7P*Q7P®Q7R7(P@Q)*RaQ*R7°O7QEBR7
e C' and E intersect in

PO, PxQ,P®Q,R,P+(QDR),0*R,0,QDR.

So if the point are all distinct, we apply Lemma 2.4.4 since the elliptic curve is an irreducible
cubic. Then

(PEQ)*R=Px*x(QDR).

The other cases are analogous, but we will not discuss them: the intersection points do not need
to be distinct, some of them could be o, etc. |
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R We can equivalently define the group law by saying that P Q @ R = 0(= ) if and only if
P, Q. R are the three points of intersection of a line L with E (counted with multiplicities).
The extreme case is when L is a line of inflection. In that case LN E is one point P with
multiplicity 3, which means 3P = 0.

Computing with the group law

Proposition 2.4.5 Let K be a field (we are not assuming the field to be algebraically closed).
Let E be an elliptic curve over K, and let L be a line defined over K. Let P;, P and P; be the
intersection points of E and L over K. If any two of the P; for i = 1,2,3 is K-rational, so is
the third.

Proof. Let us assume for simplicity that E is given by a short Weierstrass equation (the general
case is analogous and it involves more calculations). Let E be given by y?> = f(x) = x*> +ax+b.
Let L be a vertical line L : x = ¢, with ¢ € K by hypothesis. If no point (c,y) belongs to E, then
the intersection is given by the point oo with multiplicity 3 and o is always a K-rational point.
Therefore, let us assume that LN E consists of (¢,++/f(c)) and o, where \/f(c) € K, since
by hypotheses at least two points are K-rational. The statement then is equivalent to say that
\/]T ) € K if and only if — \/7 ) € K. Notice that if \/7 = 0 then L is the tangent line to E
at (c,0).

Let L :y = mx+c with m,c € K. The intersection LN E is given by

(mx+c)? =x* +ax+b.
By moving all terms to the same side, expanding and then factorizing, we get
=P+ (a—2me)x+ (b—c?) = (x—x1)(x—x)(x —x3) =0, inK

where x1,x2,x3 € K are the roots of the cubic. Since two intersection points are K-rational then
two between x1,x, and x3 are in K. By equating the terms of degree 2, we get x| + x> +x3 = m?.
Hence, since the line L is defined over K, we have that x;,x;,x3 € K. |

We now give a more explicit description of the group law on E(K), but only for a curve E given
by a short Weierstrass equation.

Proposition 2.4.6 Let E : y?> = x> 4+ ax+ b be an elliptic curve given by a short Weierstrass
equation. Let P, P, € E ( ). Then P, @ P, is given by

(1) If P =ccthen PP, = P;if P, = oo, then P, &P, = P,

(2) Assume that Py, P, # o, so that P, = (x;,y;), i = 1,2.
If x; =x, and y; = —y, then P; @ P, = oo.
(3) Assume that Py, P, # o, so that P, = (x;,y;), i = 1,2.
2
If x; = x> and y; = y, # O then set m = T4, therwise, set m = Y122

2y1 xX1—xp "
Let x3 = m> —x; —xp and y3 = y; +m(x3 —x1), then Py & P, = (x3, —3).

Proof. We note that (1) and (2) are just a restatement of Theorem 2.4.1 (ii) and (iii). So we

only need to prove (3). In that case, let L : y = mx + ¢ be the line through P; and P,. If P = P,
3x%+a
2y
slope m =2 j YL and x-intercept ¢ = y; — mx; = y, — mx,. The intersection LN E is then given by

then L is the tangent line at P; with m = and ¢ = y; —mx;. Otherwise, L is the line with

(mx+c)? =x> +ax+b.
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By moving all terms to the same side, expanding and then factorizing, we get
X} —m*x? 4 (a—2me)x+ (b—c*) = (x —x1) (x —x2) (x —x3) =0,

where x1,x2,x3 € K are the roots of the cubic, counted with multiplicity. By equating the terms
of degree 2, we get x| +x +x3 = m?, and the points (x1,y1), (x2,y2) and (x3,y3). We note
that if x; € K then y; = mx; + ¢ € K and the intersection point (x;,y;) is defined over K. We
also note that, if two of the roots x;,x,,x3 are defined over K, then so is the third one since
x1+xz—|—x3:m2€K. |

Example 2.4.6.1 Let E : y> = x*> +73,and P = (2,9), Q0 = (3, 10).
(a) By definition &P = (2,-9).

2 2
(b) The slope of the tangent line at P is m = ;yiﬁ = % = %; S0 its equation is y = %x—I— ?
Let R = (xg,yg) be the third point of intersection of this line with E. Then, we have

2ep+xg =m* Soxg=(3)?—-2(2)=—-%, and yr = 3(—3%)+ 3 = . Hence

2P = OR = O(xg,y&) = (g, —yg) = (— 2,143,

(c) The slope of the line through P and Q ism = i 5:){ i = % =1, and the equation of the line
isy=x+7. Let R = (xg,ygr) be the third point of intersection of this line with E. Then,
we have xp +xg +xg = m?. Soxg=(1)>-2-3=—4,andyg =xg +7 = —4+7=3.

Hence P& Q = &R = (—4,-3).

R) IfE: y? = f(x) is given by a medium Weierstrass equation (2.3), then the negative ©P of
a point P is easy to find. Indeed, if P = (x,y) then the line through P and e is the vertical
line X = x. So the third point of intersection of that line with E is ©P = P oo = (x,—y).
Otherwise, since P = o= is the identity element, we have ©P = oo,
If E is given by a long Weierstrass equation (2.1), then the negative ©P of a point
P = (x,y) # oo is given by OP = Pxoo = (x,—y —a1x — a3).

I Corollary 2.4.7 If K C K’ C K is a subfield, then E(K’) is a subgroup of E(K).

Proof. By definition, the identity element € E(K'); also P = (x,y) € E(K’) implies that
OP = (x,—y—aijx—a3) € E(K’). So we only need to show that

PQcEK)=P®Q€cEK).

If P,Q € E(K’), then the slope of the line through P and Q belongs to K’, and (generalizations
of) the formulas in Proposition 2.4.6 show that the coordinates of P& Q are in K'. |

Singular curves

A Weierstrass cubic y? = x> +ax+b = f(x) is singular if its discriminant A = —(4a> +27b%) =0,
so, if and only if f(x) has at least a double root e. In that case, there is a unique singular point
Py = (e,0). Even though such curves are not elliptic curves, they are still useful. Let E,(K) be
the set of all non-singular points, that is

En(K) =E(K)\{R}.
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We will show that E,(K) is a group.

Claim: E,(K) is an abelian group with the same group law & as before. This works because

PO #Py=PxQ#P,.

There are two sub-cases.

The cubic f(x) has a triple root e € K. By expanding f(x) = (x — e)® = x* +ax+ b, we see that
e=a=b=0.S0E:y>=x> and the point (0,0) is a cusp. This is called the additive case.

Proposition 2.5.1 The map v
0:Es(K) — K.

X

(X,))) = o, e
y
o — 0,

where K, is the additive group of K, is an isomorphism of abelian groups.

Proof. We need to check that ¢ is a group homomorphism, which is also a bijection. Let
(x,) € Eng(K) \ {eo}, then xy # 0 and y* = x>. Setting 1 = 2, we see that (x,y) = (:2,7%), and
that ¢ is indeed a bijection, whose inverse is the map

II/:FJF — Ens(K)
t = (20,1 #£0,
0 +— oo,

So it only remains to show that ¢ is a group homomorphism.
Let L be a line which doesn’t pass through Py = (0,0). Then L has an equation of the form
Ax+ uy =1 (up to scaling), and intersects E at (£2,¢%) if and only if A¢> 4+ ur? = 1. Letting

u= Jyf = %, we see that u satisfies 3—2 + 5—3 = 1 or, equivalently, the cubic u® — Au—u = 0.
This has three roots uj,uy,u3 with u; +up + u3 = 0. If the associated points on E, (K) are
P= (tiz,t?) = (ui’z,uﬁ), i=1,2,3, then P, & P, ® P; = 0(e°) and u; + uz + u3 = 0. It follows

that the map is a group homomorphism. |

As in Corollary 2.4.7, an immediate consequence of the proof is that E,(K) is a subgroup of
E,s(K) which is isomorphic to K .

R ) In the proof above, we used the following fact. Let ¢ : G — H be a map between two
groups. Then ¢ is a group homomorphism if and only if ¢ (g1 *c g2) = ¢(g1) *u ¢(g2). To
show this it is equivalent to check that, whenever g| *¢ g2 *g g3 = e (the identity element
in G) then ¢(g1) *y ¢(g2) * ¢(g3) = ey and also that ¢ (eg) = ey.

The cubic f(x) has a double root e; = e, = ¢ # 0 and a simple root e3. Since the sum of the
roots must be zero, it follows that e3 = —2e. So we can write E : y* = (x —e)?(x+2e). In
that case, the singular point Py = (e,0) is a node. By making a translation, we can assume that
E :y* = x*(x+a), witha € K*, and Py = (0,0). This is called the multiplicative case. Let
be a root of the polynomial x> —a in K.
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Proposition 2.5.2 The map

¢0:E K — K-
a
(x,y) wi=2" )
y— ox

o = 1,

abelian groups.

where K is the multiplicative group of K, is an isomorphism of QEC v

(1) If @ € K, then ¢ is an isomorphism of E,(K) onto K*.

(2) foa=+/a¢K,let L=K(a). Then ¢ gives an isomorphism

Ew(K)~{s+racL s,r €K, s* —ar* = 1}.

Proof. To show that ¢ is a bijection, let (x,y) # (0,0) and set ¢ = y/x. Then

y/x+a t+ao
u= =
y/x—a t—ao

Solving this for ¢, we get
u+1

= .
u—1

Now, since y> = x*(x +a), we get x +a = (y/x)> =1, and

u—1 - - -

2 2 a2 )
x=t*—a=0o? utl —o? 2(u+1) (u 1) _ 4o u _ 4au ‘
(u—1)2 u—12 " (u—1)72

Since y = x(y/x), we get

u+l dau  4aou(u+1)
u—1 (wu—12 (u—1)>3

So ¢ is again a bijection whose inverse y is given by

_ dau _ daou(u+1)
(u—1)2 S EE

To see that ¢ is a group homomorphism, let L : Ax+ py = 1 be a line which intersects E at
Py, Py, Py # Py, with u-parameters uy, up, u3. We must show that u;upuz = 1. But these parameters

are the roots of
4ua 4uao(u+1)

M TR

=1,

or equivalently
Adua(u—1)+ pduaa(u+1) = (u—1)>.

This is a cubic in ¥ whose constant term is —ujuou3 = —1, hence ujuouz = 1.

In case (1), since @ € K, (x,y) € E,;s(K) = u € K*. So ¢ induces an isomorphism E,;(K) >~ K*
in that case.

In case (2), let o = y/a ¢ K, and recall that

L=K(a)={s+rVa:s,reK}.
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By case (1) applied to E on the field L, we have E, (L) = L*. Since the conjugation map
(u:=s+ry/ar i :==s—ry/a) is an automorphism of L which preserves K, E,;;(K) is a subgroup
of E,s(L) (see Corollary 2.4.7). So we only need to find the image of E,(K) inside L*. But we
see that

y+ax (y+ ax)? V4 20y 4+ o?x? (Y2 +ax?) + 2xya
u= = = =

y—ax (y—ox)(y+ ox) v — o2x2 y? —ax?
2

=s+ra,
wi = (s+ro)(s—ra) =s>—ar* = 1.
So

En(K)={ueLl” :ui=1}.

Example 2.5.2.1 Let K =R,L=C and E : y*> = x*(x — 1). Then E(C) = C* and E(R) is
isomorphic to the unit circle inside C*.

Definition 2.7 In Proposition 2.5.2, the curve E is said to be split-multiplicative when it
satisfies case (1), and non-split-multiplicative in case (2).
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Integer Factorization Using Elliptic Curves

In 1987, Hendrik Lenstra published a landmark paper that introduces and analyzes the Elliptic
Curve Method (ECM), which is a powerful algorithm for factoring integers using elliptic curves.
Lenstra’s algorithm is well suited for finding “medium-sized” factors of an integer N, which today
means a number with between 10 to 40 decimal digits. The ECM method is used as a crucial
step in the “number field sieve,” which is the best known algorithm for hunting factorizations. In
this section we will give a very basic introduction to the ECM.

Pollard’s (p — 1)-Method

Lenstra’s discovery of ECM was inspired by Pollard’s (p — 1)-method, which we describe in
this section.

Definition 3.1 Let B be a positive integer. If n is a positive integer with prime factorization
n=1T]p;, then n is B-power smooth if p;" < B for all i.

For example, 30 = 2-3-5 is B power smooth for B = 5,7, but 150 = 2-3 -5 is not 5-power
smooth (it is B = 25-power smooth).

Let N be a positive integer that we wish to factor. We use the Pollard (p — 1)-method to look for
a nontrivial factor of N using the following strategy.

First, we choose a positive integer B, usually with at most six digits. Suppose that there is a
prime divisor p of N such that p — 1 is B-power smooth. We try to find p.

If a > 1 is an integer not divisible by p, then @”~!' =1 (mod p). Let m = lem(1,2,3,...,B),
and observe that our assumption that p — 1 is B-power smooth implies that p — 1 | m, so

=1

a"=1 (mod p).

Thus
p|ged(@"—1,N) > 1.

If ged(a™ — 1,N) < N also then ged(a™ — 1,N) is a nontrivial factor of N.
If ged(a™ — 1,N) = N, then @™ =1 (mod ¢") for every prime power divisor ¢" of N. In this
case, repeat the above steps but with a smaller choice of B or possibly a different choice of a. It
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is also a good idea to check from the start whether or not N is not a perfect power M" and, if so,
replace N by M. We formalize the algorithm as follows:

Algorithm 3.1 — Pollard p — 1 Method. Given a positive integer N and a bound B, this
algorithm attempts to find a nontrivial factor g of N. Each prime p | g is likely to have the
property that p — 1 is B-power smooth (see the observation below).

Step 1: Compute m =lem(1,2,...,B).

Step 2: Seta = 2.

Step 3: Compute x =a™ —1 (mod N) and g = gcd(x,N).
Step 4: If g # 1 or N, output g and terminate.

Step 5: If a < 10 (say), replace a by a+ 1 and go to Step 3. Otherwise, terminate.

For a fixed B, this algorithm succeed in splitting N when N is divisible by a prime p such that
p — 1 is B-power smooth. Approximately 15 percent of primes p in the interval from 10'> and
10'5 4+ 10000 are such that p — 1 is 10° power smooth, so the Pollard method with B = 10°
already fails nearly 85 percent of the time at finding 15-digit primes in this range. The following
examples illustrate the Pollard (p — 1)-method.

Example 3.1.0.1 In this example, Pollard works perfectly. Let N = 5917. We try to use the
Pollard p — 1 method with B =5 to split N. We have m =1lcm(1,2,3,4,5) = 60; taking a = 2,
we have

200 _1=3416 (mod 5917)

and
ged(2%0 — 1,5917) = ged(3416,5917) = 61,

so 61 is a factor of 5917.

Example 3.1.0.2 In this example, we replace B with a larger integer. Let N = 779167. With
B=35anda=2, we have

260 _1=710980 (mod 779167),
and ged(2%° —1,779167) = 1. With B = 15, we have
m=1lem(1,2,...,15) = 360360,

2360360 _ 1 = 584876 (mod 779167),

and
ged (2309360 _ 1 N) = 2003,

so 2003 is a nontrivial factor of 779167.

Example 3.1.0.3 In this example, we replace B by a smaller integer. Let N = 4331. Suppose
B=7,s0om=Ilem(1,2,...,7) =420,2%% -1 =0 (mod 4331), and ged(24*° —1,4331) =
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4331, so we do not obtain a factor of 4331. If we replace B by 5, Pollard’s method works:
260 _ 1 = 1464 (mod 4331), and ged(2%° —1,4331) = 61, so we split 4331.

Example 3.1.0.4 In this example, a = 2 does not work, but @ = 3 does. Let N = 187. Suppose
B=15,s0m=1lcm(1,2,...,15) = 360360, 2360360 _ 1 =0 (mod 187), and gcd (2360360 —
1,187) = 187, so we do not obtain a factor of 187. If we replace ¢ = 2 by a = 3, then
Pollard’s method works: 3%%030 — 1 =66 (mod 187), and ged(3°%03%0 — 1,187) = 11. Thus
187=11-17.

Fix a positive integer B. If N = pq with p and g prime, and we assume that p — 1 and g — 1 are not
B-power smooth, then the Pollard (p — 1)-method is unlikely to work. For example, let B = 20
and suppose that N =59 - 101 = 5959. Note that neither 59 —1=2-29 nor 101 — 1 =4-25is
B-power smooth. With m =1lem(1,2,3,...,20) = 232792560, we have

2" —1=5944 (mod N),

and ged(2™ — 1,N) = 1, so we do not find a factor of N. As remarked above, the problem is that
p — 1 is not 20-power smooth for either p = 59 or p = 101. However, notice that p —2 =319
is 20-power smooth. Lenstra’s ECM replaces (Z/pZ)*, which has order p — 1, by the group of
points on an elliptic curve E over IF,.

3.1.2 Lenstra’s Elliptic Curve Factorization Method

Algorithm 3.2 — Elliptic Curve Factorization Method . Given a positive integer N and a
bound B, this algorithm attempts to find a nontrivial factor g of N or outputs “Fail.”

Step 1: Compute m =1lcm(1,2,...,B).
Step 2: Choose a random elliptic curve: choose a random a € Z/NZ such that
4a® 427 € (Z/NZ)*.
Then P = (0, 1) is a point on the elliptic curve y> = x> +ax+ 1 over Z/NZ.

Step 3: Attempt to compute mP. If at some point we cannot compute a sum of points because
some denominator is not coprime to N, we compute the greatest common divisor g of
this denominator with N. If g is a nontrivial divisor, output it. If every denominator
is coprime to N, output “Fail.”

If Algorithm 3.2 fails for one random elliptic curve, then we may repeat the above algorithm
with a different elliptic curve or change the point P with another point on the curve.

Example 3.1.0.5 For simplicity, we use an elliptic curve of the form
y2 =X 4ax+1,

which has the point P = (0, 1) already on it. We factor N = 5959 using the elliptic curve
method. Let B =20 and let m = lcm(1,2,...,20) = 232792560.

First, we choose a = 1201 at random and consider y* = x> + 1201x + 1 over Z/5959Z:
maybe this is not a field, but we suppose otherwise and continue. If Z/5959Z is a field,
then 5959 is a prime, otherwise we will obtain a contradiction with the group law on the
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elliptic curve considered. Using the duplication formula we compute 2/ - P = 2- (0, 1) for
i€{4,56,7,8,13,21,22,23,24,26,27}, and then we add in order to compute mP. It turns
out that, during this computation we can always add points, so we do not split N using
a=1201.

Next, we try a = 389 and at some stage in the computation we add the points P = (2051,5273)
and Q = (637,1292). When computing the group law explicitly, we try to compute the slope
of the line through P and Q, i.e. (y; —y2)/(x1 —x2), in (Z/5959Z)*, but we fail since
x1 —xy = 1414 and gcd(1414,5959) = 101. We thus find the nontrivial factor 101 of 5959.

3.1.3 A Heuristic Explanation

Let N be a positive integer and, for simplicity of exposition, assume that N = p; - - - p, with the
pi distinct primes. By the Chinese Remainder Theorem there is a natural isomorphism

[(Z/NZ)" = (Z/p1Z)" % - x (Z] p,Z)".

When using Pollard’s method, we choose an a € (Z/NZ)*, compute ¢ and gcd(a™ — 1,N). This
gcd is divisible exactly by the primes p; such that ¢” = 1 (mod p;). To reinterpret Pollard’s

method using the above isomorphism, let (a1,...,a,) = f(a). Then (af,...,a") = f(a™), and
the p; that divide ged(a™ — 1,N) are exactly the p; such that /" = 1. These p; include the
primes p; such that p; — 1 is B-power smooth, where m = lem(1,...,m).

We will not define E(Z/NZ) when N is composite, since this is not needed for the algorithm,
where we assume that N is prime and hope for a contradiction. However, for the remainder of
this paragraph, we pretend that E(Z/NZ) is meaningful and describe a heuristic connection
between Lenstra and Pollard’s methods. The significant difference between Pollard’s method and
the elliptic curve method is that the isomorphism f is replaced by an isomorphism (in quotes)

“g:E(Z/NZ) — E(Z/p\Z) X --- x E(Z/ p, )"

where E is y?> = x> +ax + 1, and the a of Pollard’s method is replaced by P = (0,1). We put the
isomorphism in quotes to emphasize that we have not defined E(Z/NZ). When carrying out the
elliptic curve factorization algorithm, we attempt to compute mP, and if some components of
g(Q) are 0, for some point Q that appears during the computation, but others are nonzero, we
find a nontrivial factor of N.
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4.1

4. Isomorphisms and j-invariant

In this chapter, we define the j-invariant of an elliptic curve. This is an invariant which tells us
when two elliptic curves are isomorphic. We will assume throughout this chapter that K is a field
of characteristic different from 2 and 3. These cases will be covered later on.

From now, the group law on an elliptic curve E, would simply be denoted by +. We will also
denote the point at eo(=[0: 1: 0]) by 0.

Isomorphisms and j-invariant

LetE : y2 = x>+ Ax + B, with A,B € K, be a short Weierstrass cubic curve.
Let 4 € K, and put

E :y =x+Ax+B, 4.1

where A’ = u*A, B’ = u%B. Moreover, E is an elliptic curve if and only if E’ is: indeed,
A = u'?A. In fact more is true.

Theorem 4.1.1 Let E : y> = x> + Ax+ B, with A, B € K, be an elliptic curve and i € K. Let
E' be the curve given by (4.1). Then the map

0: E(K)— E'(K)
(x,y) = (1?x, 1’y)

is a group isomorphism.

Proof. Itis easy to see that (x,y) € E(K) < (u%x,u%y) € E'(K), and that the inverse of ¢ is the
map ¥ : (x,y) — (u~2x,u~3y). So it only remains to show that ¢ is a group homomorphism. It
is enough to show that ¢ (eo) = co, and that

P+Q+R=c0= ¢(P)+¢(Q)+¢(R) = e
In projective coordinates, the map ¢ is given by
¢: E(K)— E'(K)
X :Y:Z]— [u’X :u’Y : Z].
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So,
(=) =9((0:1:0)) =[0:p*:0]=[0:1:0] =c.

Let L : aX + bY 4+ cZ = 0 be the line which intersects E at P,Q and R. Then the image of L
under ¢ is the line L' : @’X +b'Y +/Z =0, where @’ = a/u>, b’ = b/u® and ¢’ = c. By Bezout’s
Theorem, L' intersects E’ at three points (counted with multiplicity), which must necessarily be

¢(P), ¢(Q) and ¢(R). So ¢(P) +¢(Q) + ¢(R) = e-. ]

R) Whenpuek %, then the curve E’ in (4.1) is defined over K, and the map ¢ in Theorem 4.1.1
induces an isomorphism ¢ : E(K) ~ E'(K).

Definition 4.1 Let E : y> = x>+ Ax+B, E' : y> =x> +A'x+ B/, with A,A’,B,B' € K be
two elliptic curves. we say that E and E’ are isomorphic if there exists i € K such that
A" = u*A, B' = u®B. We say that E and E’ are isomorphic over K if in addition u € K*.
The group isomorphism in Theorem 4.1.1

Example 4.1.1.1 Consider the elliptic curves
E; :y2 = +x+1
Er:y* =x>+16x+64
E3:y? =x+4x+8
Then we see that
e FE) is isomorphic to E; over Q, simply take p = 2.

e E is isomorphic to E3 over Q(ﬂ), but not over Q, take 1 = /2.

We will now give a simple criterion which allows us to determine when two elliptic curves are
isomorphic.

Definition 4.2 Let E : y> = x> + Ax+ B, with A, B € K, be an elliptic curve with discriminant
A = —4A3 —27B%. We define the j-invariant of E by

443

Theorem 4.1.2 LetE : y> =x>+Ax+B,and E' : y* =x> + A’x+ B, with A,A’,B,B' € K, be
two elliptic curves. Then E is isomorphic to E’ if and only if j(E) = j(E').

Proof. Assume that E is isomorphic to E’ so that there is 4 € K~ such that A’ = u*A and
B’ = u®B. In this case, we already showed that A’ = u'?>A. Hence we have

44" 4(utA)3 443
_ gAY gt

Conversely, assume that j(E) = j(E') = j. We will show that E and E’ are isomorphic.
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Case 1. Assume that j # 0,1728. Then, from Definition 4.2, we see that

4A3 4A3 + A 27B2
j—1728:—1728T—1728:—1728 tA_ 1728 A

So
i 4Al
j—1728  27B*
Hence j(E) = j(E') = j implies that

4 _4a® (AN (BY?
27B2  27B? Al \B )"

Now, let it be a solution to the (quadratic) equation

H=as

Then, from the above identity, we see that

o (AV BV AV (Y A e
“_<A' 5) ~\w) \a) =a=4=H4

Similarly, we have

6_é3€/3_£2§,3_£’:>3’_ 6p
H=\x ) \B) “\») \B) *B it

Case 2. Assume that j = 0. This implies that A = A’ = 0, and that B, B’ # 0. We choose (i such
that B
6_b
=75
Case 3. Assume that j = 1728. This implies that B= B’ = 0, and that A, A’ £ 0. We choose U

such that .
4 _ A

uh=—.

Example 4.1.2.1 In Example 4.1.1.1, it is easy to see that

. . ) 6912 2833
J(E1) = j(E2) = j(E3) = 31T 3

Rr) From the proof of Theorem 4.1.2, we see that:

(i) When j # 0,1728 (Case 1) and u? = %% has a root in K, then the curves E and
E’ are isomorphic over K. Otherwise, they are isomorphic over K (), which is a
quadratic extension of K.

(ii) When j = 0 (Case 2), then u® = %/ and the curves are isomorphic over an extension
K’ of K of degree 6 at most.

(iii) When j = 1728 (Case 3), then u* = AK/ and the curves are isomorphic over an
extension K’ of K of degree at most 4.
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Example 4.1.2.2 (a) In the Bachet-Mordell family E. : v =x3+c, with 0 # ¢ € Z, all
elliptic curves are isomorphic over Q since j(E.) =0 (A =0,B = ¢). However, E., = E,,
(over Q) if and only if ¢ /c; is a 6th power (in Q).

(b) Similarly, in the family E, : y? = x> +ax, with 0 # a € Z, all curves are isomorphic over
Q since j(E,) = 1728. But, E,, = E,, if and only if a; /a; is a 4th power.

Definition 4.3 Let E,E’ be two elliptic curves over K. We say that E and E’ are twists of
each other if they are isomorphic. We say that E and E’ are quadratic twists if they are
isomorphic over a quadratic extension of K at most.

(b) The congruence number curves Ej : y2 =x3—25xand E; : y2 = x> —4x are quadratic
twist (take 4 = +/10/2). Note that the fact that £} and E, are not isomorphic over Q
implies that £, (Q) 2 E>(Q). We will see later (in examples 10.5.1.1 and 10.5.1.2) that

E1(Q) = {,(0,0),(~5,0),(5,0)} x (P) = (Z/2Z)* X Z,

Example 4.1.2.3 (a) In Example 4.1.1.1, E; and E5 are quadratic twists.
where P = (—4,6) is a point of infinite order, and that

EZ(Q) = {°°a (an)a (_270)7 (270)} = (Z/ZZ)Z.
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Elliptic curves over R

5. Elliptic curves over C

In this chapter, we show that every complex torus can be identified with an elliptic curve in a
way that is compatible with the group structure and vice versa.

5.1 Lattices and elliptic functions

In this section we recall the basic properties of elliptic functions. We use several results on
meromorphic functions without proofs. Most of these results can be found in most undergraduate
textbooks on complex analysis in one variable.

Definition 5.1 A lattice L C C is a subset given by
L:=7w, +Zw, = {aw, +baw, :a,b €7},

where @, @, € C are linearly independent over R (see Figure 5.1).

A

(]

Figure 5.1: Lattice generated by @; and @,

Let L C C be a lattice, then L is a subgroup: as a group L ~ Z x Z and L is discrete, i.e. let
0 < r < min{|@;|,|m|}, and put D(0,r) = {z € C: |z| < r}; then D(0,r) "L = {0}. So, for
every ® € L, 4+ D(0,r) = D(w,r) and D(w,r)NL = {®}.
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Definition 5.2 Let L = Zw; + Zw, C C be a lattice. We define the fundamental parallelo-
gram of L to be the region (see Figure 5.2)

IT:= {xo; +ym : 0 <x,y < 1}.

Let L C C be a lattice. Since it is a (normal) subgroup, the quotient C/L is an abelian group. Let
7., : C — C/L be the quotient map. Then, for every z € C,

m(z)=z+L={z+0:w€eL}.

We will denote 77(z) by [z]., or simply [z] if there is no ambiguity about the lattice. As a
topological space C/L is isomorphic to a torus (see Figure 5.2). Every equivalence class [z] has
a unique representative zg € I1. Indeed, write z = x®@; + y@», and let zg = xo®; + yo@,, where
xo=x—|x|,yo =x—|y|. Then z—zp € L, and 7y is unique inside IT.

Figure 5.2: Fundamental parallelogram IT and quotient C/L

Definition 5.3 Let f : C — C be a function.

(i) We say that f is meromorphic if, for every zo € C, f admits a power series expansion

@)=Y am(z—20)", withr € Zanda, # 0.

m>r
We call the integer r the order of f at zo, and denote it by ord,, (f).
(if) We say that z is a pole if ord,, (f) < 0, and that it is a zero if ord,, (f) > 0.

(iii) We say that f is holomorphic (or analytic) if it is meromorphic and ord,(f) > 0 for
all z € C. (In particular, constant functions are analytic.)

Example 5.1.0.1 (a) Every polynomial function over C is a holomorphic function.
(b) Every rational function, i.e. quotient of polynomial function is a meromorphic function.
(c) The exponential map z — €%, z € C, is a holomorphic function.

The following theorem summarizes the results we will need about meromorphic functions.
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Theorem 5.1.1 Let . (C) be the set of all meromorphic functions over C. Then .#(C) is a
field. In other words,

(i) the sum of two meromorphic functions is a meromorphic function,

(i1) the product of two meromorphic functions is a meromorphic function, and

1

(iii) if f is a meromorphic function, then so is the function z — 7"

We now turn to the basic properties of elliptic functions.

Definition 5.4 Let L be a lattice, and f : C — C a meromorphic function. We say that f is
an elliptic function for L (or is doubly periodic with respect of L) if

f(z+®) = f(z) forall® € Land all z € C.

Theorem 5.1.2 Let L C C be a lattice, and f : C — C an elliptic function for L.
(i) If f has no pole, then f is constant.

(i) If f is non-constant, then it has finitely many zeros and poles in the fundamental region
I1. Let m; be the orders of the poles in I1, and »; the order of the zeros, both counted
with multiplicities. Then

Zl’li = — Zm je
i j

(iii) The integer n = Y ,;n; in (ii) is called the order of f. For every a € C, the function f
takes the value a exactly n times, counted with multiplicities, inside I (and hence inside
o+Il,w€L).

@iv) If f is not identically zero, then

Z ord,(f)z € L.

zell

The Weierstrass g-function is the simplest example of an elliptic function. We now discuss its
basic properties.

Definition 5.5 Let L be a lattice. The Weierstrass @-function g (z) attached to L is given
by

#1(2) :—ZIZ+Z <(Z_1w)2—(;2) (5.1)

WwEL
®#0

In Theorem 5.1.6, we will prove that the series in (5.1) converges. But first, we need the following
preliminary lemmas.
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Lemma 5.1.3 The series

1
Y —5—-5€R,
(m,n)€ZXZ (mz + nz)s
(mn)#(0,0)

converges if and only if s > 1.

Proof. By the integral test, the series converges if and only if

dxdy
1= [ fo e
2y (X2 4y )

converges. Let’s make the change of variable x = rcos 8 and y = rsin 8, then we have

2n rdOdr 2 dedr = dr
I_/ / _/ / r2sl_ 1 r25—1'

This integral converges if and only if 2s — 1 > 1 <— s> 1. |

Lemma 5.1.4 Let L C C be a lattice. Then, for every s > 2, the series

L
ooy |©OF

converges.

Proof. Write L = Zw; + Za,. Then, by making use of Lemma 5.1.3, it is enough to prove that
there exists 6 > 0 (depending only on @, @) such that

ime; +na,|* > 8(m* +n?).
To this end, it is enough to show that the function

|xo; + yan|?

21y ) ER{(00)),

fly) =
has a strictly positive minimum. But we see that f(x,y) is homogeneous, i.e.,

Ff(Ax,Ay) = f(x,y)forallA # 0.

So it is enough to prove that f has a positive minimum on the unit circle
Sti={(x,y) eR*:x* +y* = 1}.

Hence, this follows since S' is compact. |

Lemma 5.1.5 Let R > 0 be a real number. Then, the series
Z ( 1 1 >
weL (Z - w)l wZ
|o|>2R

converges absolutely uniformly on the closed disc D(0,R).



5.1 Lattices and elliptic functions 45

Proof. For any z € D(0,R), since |@| > 2R, we have |z — @] > % and |z —2w| < 3|o|, so

1 1 |z]|]z— 20| 12R
- | = < ) 52
0P o| foPk—of = [of 2
So the series converges absolutely uniformly by Lemma 5.1.4. |

We are now ready to prove our main result on Weierstrass g@-functions.

Theorem 5.1.6 Let L C C be a lattice, and (z) be its Weierstrass g-function. Then, we
have

(a) #1(z) is meromorphic and has a double pole at each @ € L.
(b) 1(z) = go(—2z), for all z € C (even).
(©) @L(z+ ®) = 1.(2), for all z € C (doubly periodic).

Proof. (a) Keeping the notations of Lemma 5.1.5, the truncated series in (5.2) converges abso-
lutely uniformly, hence is analytic. Since we have only omitted a finite number of terms, this
implies that g (z) is analytic for every z € C\ L. For every ® € L, @y(z) is analytic near @, but
the term = L (o) causes it to have a pole of order 2 at @. This completes (a).

(b) Since L is a subgroup of C, ® € L <= — € L. This means that the sum giving 7, (z) is
unchanged if we replace z by —z since

1 11 1
(o) o Gof o

So 1.(z) = gor.(—z) forall z € C\ L.

(c) Since g (z) converges uniformly on compact sets, we can differentiate it termwise. Further-
more, since 7 (z) is even, ] (z) is odd.

@) =-2) %,zeC\L.

®EL (z— )

Let ax € L, then the translation (L — L, @ — ® — @) is a bijection, so

1
P (z+ap) = -2 ——*2 ———= =(2), z€ C\ L.
Loy Ly
This means that the function 7} (z) is doubly periodic. Since 4] (z+ @) = 7} (z), we have

PL(z+ ) = @1(2) = Can,

for some constant cq, € C.
Applying this to z; = —3@; ¢ L, and using the fact that £ (z) is even, we see that

1 1
@Lzi+ o) —o(z) = o1 (—2(01 +601) — 6 (-2(01) =0=cgy,-

Hence
(z+ o)) = g1(z), forallz € C\ L.
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Similarly,
L(z+ @) = @1(z), forallz € C\ L.

Thus for all @ € L, we have

PL(z+ ) = g1.(z), forallz € C\ L.

Lemma 5.1.7 Let L C C be a lattice, and z1,2, € C be two arbitrary points. Then
f(z1) = pL(n) <= 21— €L or 71+ €L

Proof. Let consider the function (z — ..(z) — .(z1)), it is an elliptic function of order 2. So,
by Theorem 5.1.2 (iii), it has two zeros modulo L (or in IT), counted with multiplicities. These
are obviously [z1] = [z2] and [z1] = —[z2]. [ |

Tori and elliptic curves

Here will show that a complex torus C/L is naturally isomorphic to the complex points of an
elliptic curve.

Definition 5.6 Let L C C be a lattice, and k > 3 an integer. The Eisenstein series of weight
k evaluated at L is given by

GL):= Y %

WEL
0#0

We will sometimes denote Gi(L) by Gy if there is no ambiguity about the lattice L. We note that
when k is odd, G¢(L) = 0 since the terms for @ and — cancel out.

Lemma 5.2.1 Let L C C be a lattice. Then, for 0 < |z| < min{|®|:0# w € L},

1
S+

(2k+1) Goyqn 7
L |

[ agki

PL(z) =

Proof. When |z] < |®|,

1 1 _ 1 _ i "
wor o= (i) = 2<n§<”“>aw)'

Therefore, for |z| small enough, we have

1 = 1
*‘FZZ”‘H otz 2 Z’H‘l anﬂ 2"
w0 "1 n=l e

and the result follows. |
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Theorem 5.2.2 Let L C C be a lattice. Let (z) be the Weierstrass g-function associated to
L. Then we have

2(2)? = 4g21.(2)® — 60G4 1. (z) — 140G

Proof. The Taylor expansion in Lemma 5.2.1 gives

oL(z) = ‘2+3G4z2+5G6z4+---
#1.(2) 346Gz +20Gez’ + -

By cubing the first equation, we get
o1(2)? =70 +9Guz 2 +15G + -+,
and by taking squares in the second, we have
(2)? = 4270~ 24G4z72 —80Gg + -+ - .
From this, we obtain the function
= ,(2)* — 41(2)° + 60Ga g2 (2) + 140G6 = 12+ 22 + -+ .

This is a power series with no constant term and no negative powers of z, hence it is holomorphic
at z =0 with f(0) = 0. But f is doubly periodic with its only possible poles being at those
of ¢1.(z) and ¢ (z), i.e. , the points of L. Since it is holomorphic at z = 0, it is holomorphic
everywhere. Therefore, by Theorem 5.1.2 (i), it is a constant function. In fact, f is identically
zero since f(0) = 0. [ |

Let L C C be a lattice. We will write go = 60G,4 and g3 = 140 Gg.

Theorem 5.2.3 Let L C C be a lattice. Let . (z) be the Weierstrass g-function associated to
L, and let
E:y* =4x> — gox —gs.

Then
(i) 16(g3 —27g3) #0, so E is an elliptic curve over C.
(ii) The map
¢: C/L— E(C)
(@L(2),0.(z) ifz¢ L

[z] —
o otherwise,

where [z] = z+ L is the equivalence class of z, is an isomorphism of groups.

Proof. (i) Since g7 (z) is doubly periodic and odd, we have

() =645 -) -6k (-2) -k (3).

50 #7 (%) =0, and & is a zero of @] (z). Similarly, one shows that % and 2.2 are also zeros
of 7] (z) inside the fundamental parallelogram I1. By Theorem 5.1.2 (iii), these are the only
heroes of ] (z) inside IT. Let

el '—WL(ml) 2ZZWL(%>,€3 ::WL<(DI;(D2>-
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Then, e}, ey, e3 are the only zeros of the cubic 44 (z)® — g2491.(z) — g3 inside T1, and they are
distinct (by Lemma 5.1.7). So we have

7.(2)* = 4(21(2) — 1) (#1(2) — e2) (1 (2) —e3),

and the discriminant of this cubic is
16(g3 —27g3) =4%[(e1 —e2)(e1 —e3)(e2 — €3)]> # 0.

(ii) Surjectivity. Let (x,y) € E(C)\ {0}. Since g is surjective, there exists z € C such that
#1(z) = x. From the algebraic relation satisfied by the pair (£(z), ] (z)), we must have
#,(z) = £y. So we have

2), #2,.(z)) = (x,y) or (21.(—2), 21.(— (x,y).

Injectivity. Let z;,zp € C\ L be such that ¢ (z1) = #1(z2). By Lemma 5.1.7, z; —z € L
or 71 +22 € L. In the first case, we are done. So assume that z; + 2z, € L. Then, we have
#},(z1) = — 7}, (z1), which implies that & (z;) = 0. Thus 2z; € L, and so

1] = [-21] = [za]-
Homomorphism. Let us consider three points
P = (x1,3) = (WL(Zl),W/L(Zl))
Py = (x2,2) = (#1(22), 7,(22))
Py = (x3,53) = (#1(23), —#,.(23))

where z3 = —(z1 +2z2). We assume that x;, x, and x3 are pairwise distinct. We will only prove
the statement in this case: the general case follows applying continuity and 1’Hopital’s rule.

Claim. The determinant

I x3 —y3
1 x» y =0 (5.3)
I x1 »n

Proof of claim. Consider the function
I @) @1(2)
f@=1 x  » |
I x V1
It is of the form f(z) = A+ Bg(z) + C] (z), with C = xp —x1 = 21.(z2) — 21.(z1) #0. So f is
an elliptic function of order 3, and it has two zeros located at z; and z;. So by Theorem 5.1.2,
(iv), the third zero is z3 = —(z; +z2) mod L. [ ]

Since the determinant in (5.3) is zero, the points P;, P, P; lie on the same line y = mx+ c. The

slope of this line is
_yn=n _ #z) = p)

x—x1 () - o(a)

But the three points also lie on the elliptic curve E, so they all satisfy the cubic equation

(mx+c)* —4x’ + gox+ g3 =0.

So we must have 5

m
1
This means exactly that ¢ is a homomorphism. ]

X1 +x2+x3=

The converse of the theorem above is true. Namely, we have the following result.
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Theorem 5.2.4 LetE : y> = 4x® — Ax— B, with A, B € C, be an elliptic curve. Then there exist
a lattice L C C such that A = g»(L), B = g3(L), and a group isomorphism ¢ : C/L ~ E(C).

The elements of the lattice L in Theorem 5.2.4 are called periods of E.

Torsion points.

Let E be an elliptic curve over C, and n > 1 an integer. The n-torsion subgroup of E is the
subgroup of E(C) given by

E(C)[n] ={P € E(C) : nP =0}.

Theorem 5.2.3 provides a very simple approach to studying these groups through the Weierstrass
isomorphism C/L ~ E(C). Let P € E(C) correspond to [z] € C/L. Then,

Pis ann-torsion point < nP =0 < nfz)=[nz]=0€ C/L
S nzel & nz=aw+bw with a,b € Z

b b
& Z:g(l)l—’—*a)z with g,f eQ
n n n’n
a b
&z € {w1+w2:0§a,b§n—l},
n n
1 1 2
& ze-L/L~|-Z/Z ) .
The set on the right has cardinality n*. We deduce that E(C)[n] = (Z/nZ) x (Z/nZ).

Example 5.3.0.1 E(C)[2] consists of 0(ee) and the three points (e;,0), (e2,0) and (e3,0)
described during the proof of Theorem 5.2.3.

p) If K C Cis a subfield, then E(K) < E(C) (subgroup). Thus E(K)[n] < E(C)[n]. This
implies that #E (K)[n] divides n?.

Elliptic curves over R

We now apply the previous discussion to elliptic curve defined over R. To this end, we need the
following important fact:

Fact. Let E be an elliptic curve over C, and L a lattice such that C/L ~ E(C). Then E is defined
overReL=L,ie,0cL=m€cL.

So if E is defined over R, we must have ®; + @}, @, + ®; € L. This implies that 2Re (),
2Re(m,), 2ilm(w;), 2ilm(@,) € L. We can assume that Re(w; ),Re(a,),Im(w;),Im(,) are all
positive. Also, we can assume that @; € R. Then Re(®,) =0 or Re(m,) = % since @, € IT.

Let P € E(C) correspond to [z] € C/L, where z = s@; +ta@, with 0 < s,7 < 1. Then,

P e E(R) & [7]is real < [z]is fixed by complex conjugation
Sld=[ ez—z€L

Case 1. A < 0. The lattice L = Z®, + Zw, with @; € R and Re(m,) = %wl.
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In this case, we see that /Im(@,) ¢ L, therefore
z—7=t(2ilm(mn)) €L < t=0.

So
z=s0; €R, 0<s< 1.

This means that £ (R) has one component, so as a group
E(R) ~R/Z.
The n-torsion subgroup given by
E(R)[n] :={P€ E(R):nP=0}
is cyclic of order n since

nx+2)=mx+72=0 & nx€Z=x= 2 witha € Z.
n

Case 2. A > 0. The lattice L has basis @ € R, @, € iR.
Here z — 7 = 2tm,. So

z—z2€L & tzOort:%.
So we must have
(@) z=sw; €eR,0<s<1,0r
(b) z=s0+%,0<s<1.
In this case, E(R) has two components, so

ER)~C, x (R/Z).

The points on the non-identity component cannot have odd order. So for n odd, E(R)|n] is again
cyclic of order n. While for n even E(R)[n] ~ C, x C, which is net cyclic.
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6.1

6. Endomorphisms of elliptic curves

In this chapter, we study the endomorphism ring of an elliptic curve. We will assume through
out that K is a field such that char(K) # 2,3, unless otherwise stated. This allows us to work
only with elliptic curves in short Weierstrass equation: E : y> = x> + Ax+ B = f(x) an elliptic
curve over K.

Rational functions and endomorphisms

Let E be an elliptic curves over K in short Weierstrass equation: E : y* = x> + Ax+B = f(x).
A rational function R(x,y) on E is given by
P(x,y) _ ao(x) +ai(x)y+--+ar(x)y"

R(x,y) = 0(x,y)  bo(x)+b1(x)y+ - +by(x)y’

where P,Q € K|[x,y| have no common factor and Q is not the zero-polynomial. Since all
(x,y) € E(K) satisfy y> = f(x), we can replace

() y" by f(x)k when n = 2k is even,
(i) y" by f(x)¥y when n = 2k+ 1 is odd,

and obtain a rational function that gives the same values as R(x,y) on E(K). Therefore, we may
assume that

p1(x) +pa(x)y

Rxy) = p3(x) + pa(x)y’

where p;(x),..., pa(x) are polynomials in K[x]. Moreover, we can rationalise the denominator
by multiplying the top and bottom by p3(x) — p4(x)y and then replacing y* by f(x) to get
1(x) +¢ga2(x
R(x,y) = 91x) + o (x)y =ri1(x) + r2(x)y. (6.1)
q3(x)

Hence, a rational function R(x,y) on an elliptic curve E given in short Weierstrass equation
is given by R(x,y) = ri(x) + r2(x)y, where r;(x) and r»(x) are rational functions. The rational
function R(x,y) is defined for all points where the denominators of r;(x) and r;(x) do not vanish.
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Definition 6.1 Let E be an elliptic curve over a field K. An endomorphism of E is a

homomorphism ¢ : E(K) — E(K) given by rational functions. In other words,
* 9(0)=0,
* 9(P+0)=9(P)+9(0),

and there are rational functions (i.e quotients of polynomials) R; (x,y),Rx(x,y) with coeffi-
cients in K such that VP = (x,y) € E(K):

(])(x,y) = (Rl (x,y),Rz(x,y)).

Example 6.1.0.1 Let E be given by y*> = x*> + Ax+ B, and let ¢ (P) = 2P (the multiplication
by 2 map). Then ¢ is a homomorphism and we have

(P(x,y) = (Rl (x,y),Rz(x,y))

where

324+ A\°
Rl ('x7y) = < 2y ) _2'x

Rolx.y) = <3xZ;A> <3x <3x22y+A>2> o

are obtained by using the duplication formula. Since ¢ is a homomorphism given by rational
functions, it is an endomorphism of E.

Returning to Definition 6.1, let ¢ € End(E) and write it as

¢(x,y) = (Ri(x,y),Ra(x,y)),

where Ry (x,y) = r1(x) +s1(x)y and Ry (x,y) = s2(x) 4 r2(x)y.
Since ¢ is a homomorphism, we must have

Ri(x,—y) =Ri(x,y)
¢(_P) = —¢(P) And ¢()C, _y) = —q)(x,y) Ang
Ro(x,—y) = —Ra(x,y)

Therefore, we have s;(x) = s2(x) = 0. Therefore, there are rational functions r| (x),r2(x) such
that

¢ (x,y) = (r1(x),r2(x)y)-

We can now show that ¢ is defined on all of E(K). To this end, write r;(x) = p(x)/q(x) and
r(x) = s(x)/t(x) where p(x) and g(x) (resp. s(x) and #(x)) have no common factor and g(x)
(resp. #(x)) is not the constant zero-polynomial.

If g(xp) = 0 for some P = (x9,y0), we set ¢(P) = 0. We need to show that #(x9) = 0 when

q(xo) = 0, therefore the endomorphism ¢ is defined on all points in E(K).

By definition, ¢ (x,y) = (r1(x),r2(x)y) is a point in E(K), so we have

ra(x)%? = r1(x)* +Ary (x) + B.
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This gives

(> +Ax+B)s(x)®>  u(x
1(x)? - q(x)?

where
u(x) = p(x)’ +Ap(x)q(x)* + Bq(x)*.

Since p(x) and ¢(x) have no common factor, so do u(x) and g(x).

Now assume that #(xp) = 0. Then, s(xp) # 0 since s(x) and #(x) have no common factor. Since
Xo is a multiple root of #(x)?, and the cubic x> + Ax + B has distinct roots (as E is an elliptic
curve), we must have g(xp) = 0.

We will use the result below to check whether a map ¢ : E(K) — E(K) is a homomor-
phism.

Theorem 6.1.1 Let ¢ : E(K) — E(K) be a map given by rationals functions. Then ¢ is an
endomorphism if and only if ¢(0) = 0.

Example 6.1.1.1 Let m be a non-zero integer. Then as in Example 6.1.0.1, one can show
that the map

[m]: E(K) — E(K)

Pit...4tp ifm>0
\—Y—/
P|_> mP:: mtimes
[m] (—=P)++-+(=P) ifm<0.
mtimes

is an endomorphism.

Definition 6.2 The set of all endomorphisms of E, denoted by End(E), is a ring under the
following addition and multiplication laws. For all ¢,y € End(E), define ¢ + y and ¢ y by

o (0+y)(P)=o(P)+y(P),
o (oy)(P)=9¢(y(P)),

for all P € E(K). We call End(E) the endomorphism ring of E. (We allow the zero map
¢ =0 given by ¢(P) =0, VP.)

p(x) and ¢(x) having no common factor. We define the degree, of ¢ to be 0 if ¢ is identically
zero and max{deg(p),deg(g)}, otherwise. We denote it by deg(¢).

Example 6.1.1.2 In Example 6.1.0.1, we saw that the map [2]P = 2P is given by two rational
functions R, R, where

‘ Definition 6.3 Let ¢ € End(E) be given by (r(x),r2(x)y), where ri(x) = p(x)/q(x) with
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By replacing y* by x> +Ax + B, we get

(3x* +A)* —8x(x* +Ax+B)  x* —2Ax* —8Bx+A?
4(x3+Ax+B)  4(3+Ax+B)

rl(x):

Therefore, by definition, deg([2]) = 4.

Definition 6.4 Let ¢ € End(E) be non-zero. We say that ¢ is separable if 7| (x) is not
identically zero, i.e. if p’(x) and ¢’(x) are not both identically zero. Otherwise, we say that it
is inseparable.

Example 6.1.1.3 In Example 6.1.1.2, the derivative of the denominator g(x) is ¢'(x) =
4(3x* +A). This is non identically zero (even in characteristic 3, since in that case A # 0:
indeed, E is an elliptic curve, so A = —4A3 —27B% = —4A% mod 3 is non-zero). Therefore,
the multiplication by 2 map is separable, when char(K) # 2.

Example 6.1.1.4 Let K be a field of characteristic char(K) = 2, and let E be an elliptic curve
over K given by
y2 +xy = X +a2x2 + ae.

In that case, one can show that the map [2]P = 2P is given by
[2]P = (1"1 (x)aRZ(xay))a

where r1(x) = (x* +ag) /x> = p(x)/q(x). We see that p(x) =4x> =0 and ¢'(x) =2x =0
identically. Therefore, the map [2] is inseparable.

6.2 Separable endomorphisms

In this section, we study separable endomorphisms. Among other things, we will show that a
non-zero separable endomorphism is surjective. We start with a review of the basic properties of
separable polynomials.

Definition 6.5 Let g(x) € K[x] be a polynomial. We say that g(x) is separable if g’(x) is not
identically zero.

It follows that
(a) If g(x) is a separable irreducible polynomial, then g(x) has distinct roots.

(b) When char(K) = 0, then every polynomial is separable, since the only polynomials whose
derivatives are identically zero are the constant ones.

When char(K) = p, we have the following lemma.

Lemma 6.2.1 Let K be a field of characteristic p > 0, and g(x) € K[x]. Then g(x) is insepa-
rable if and only if it is of the form g(x) = h(x?) with h(x) € K|[x].

Proof. Let g(x) =Y ,ax'; then g'(x) = Y, ia;x'~!. Therefore, g’(x) = 0 if and only if ia; = 0
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for all 1 <i < n. Hence, if and only if p | i for all i such that a; # 0. Therefore,

8= ¥ anp? = (fakpw)") = h(x?).
k=0 k=0

By induction, using the above lemma, we see that a polynomial g(x) is inseparable if and only
if there is a separable polynomial 7(x) € K|[x] such that g(x) = t(x”k) for some positive integer

k. We then define the separable degree of g(x) by deg,(g(x)) = deg(#(x)), and its inseparable

degree by deg,(g(x)) = p'.

Lemma 6.2.2 Let g(x),h(x) € K[x]. Then, we have
(a) deg(g(x)) = deg,(g(x))deg;(g(x)).
(b) deg,(g(h(x)) = deg,(g(x)) deg,(h(x)) and deg;(g(h(x)) = deg;(g(x)) deg;(h(x)).
In particular g(h(x)) is separable if and only if g(x) and &(x) are both separable.
Proof. Immediate from definitions. |

Let ¢ € End(E) be given by (r(x),r2(x)y), where ri (x) = p(x)/q(x) with p(x) and ¢g(x) having
no common factor. Definition 6.4 says that ¢ is separable if and only if either p(x) or g(x) is
separable. From this, we immediately get the following corollary.

Corollary 6.2.3 Let ¢,y € End(E) then
(i) deg(¢y) = deg(¢) deg(w).
(i) degy(¢y) = deg,(¢)deg,(w).

(iii) deg;(¢y) = deg;(¢)deg;(y).

In particular, ¢y is separable if and only if both ¢ and y are separable.

The following result gives an important property of non-zero separable endomorphisms. Namely,
that if ¢ € End(E) is separable, then the size of ¢ ! (P) is deg(¢) for all P € E(K).

Theorem 6.2.4 Let E be an elliptic curve over a field K, and ¢ € End(E) be non-zero. Then
(i) ¢ :E(K)— E(K) is surjective.
(ii) Forall Q € E(K),let ' (Q) := {P € E(K) : ¢(P) = Q}. Then, we have

#9~'(Q) = #ker(9).

(iii) If ¢ is separable, then #ker(¢) = deg(9).
Otherwise, #ker(¢) = deg,(¢) < deg(9).

Proof. Let Q € E(K). Assume that

¢07'(Q)={P€E(K): ¢(P) =0}
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is non-empty, and choose Py € ¢~ (Q). Since ¢ is a group homomorphism, the map

ker(9) — ¢~'(Q)
P P+R

is a bijection. Thus every non-empty fiber ¢ ~'(Q) has the same cardinality as ker(¢) = ¢ ~1(0).
So it is enough to prove that ¢ is surjective.
Strategy. Assume that ¢ is separable of deg(¢) = m. We write it as

8(x.y) = (1 (1), ra()y) = <8f,§§y) ,

where a(x),b(x),c(x),d(x) € K|[x] and ged(a,c) = ged(b,d) = 1, and we recall that by definition

deg(¢) = m = max{deg(a),deg(c)}.
Let QO = (u,v) € E(K). Then by definition, we have

971(0) = {(x,y) € E(K) : (r1(x),r2(x)y) = (u,v) }

_ {(x,y) €E(K): i,l(jg =u and rp(x)y = v}
_ {<x,y> € E(K) uc(x) —a(x) =0 and y = m?x) }

The later equality makes sense provided r,(x) # 0. We will show that there is a finite and
explzczt set S C E(K) such that, for all Q € E(K)\ S, the fiber ¢~ (Q) is given as above and that
#01(Q) = deg(¢). Namely, we will show, for Q = (u,v) ¢ S, the polynomial uc(x) — a(x) has
m distinct roots. To this end, we consider the three sets:

S :={0= EE(E) u = 0ordeg(c(x)u—a(x ))<deg(¢)}
S ={0= E(K): 3x € Kwithu = ri(x)andr|(x) =0},
S3:={0= E(K): 3x € Kwithu = r(x)andry(x) =0}

It is not hard to see that both S; and S are finite. Also, since ¢ is separable, r{(x) is not
identically zero; and so S is finite as well.

Let S:= S US,USs3 and take Q = (u,v) € E(K) \ S. Then uc(x) — a(x) is separable of degree
deg(¢), and so has distinct roots. Indeed, if xo is a multiple root, then

uc(xp) —a(xo) =0

uc'(xo) —a'(x0) = 0 } = u(ac’ —d'c)(xo) =0,

which implies that (ac’ —d’c)(xp) = 0. But ac’ —d’c is the numerator of r|(x), hence is not
identically 0. So ac’ — d’c has finitely many roots giving the points in S,, which we already
excluded. So uc(x) —a(x) has deg(¢) distinct roots xy,...,x,. Since (u,v) ¢ S3, ra(x;) # 0, and
we can solve for y; = v/ry(x;) for all i = 1,...,m. Thus Q has exactly deg(¢) preimages.

Since we know that each

0, if 0 ¢ im(¢)
#~'(0) =
#ker(¢), ifQ €im(¢),

and that almost all ¢ ~!(Q) have cardinality deg(¢), it follows that

#0971 (Q) = deg(¢), 0.
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(Note that since E(K) is an infinite abelian group, the complement of im(¢) would be infinite if
¢ were not surjective.)

If ¢ is not separable, then the number of distinct roots of uc(x) — a(x) is deg,(¢) (away from a
finite set). The argument then proceeds as before. |

We now apply this result to multiplication maps.

I Proposition 6.2.5 The map Z — End(E), m — [m], is an injective ring homomorphism.

Proof. From the definition, we see that, for m,n € Z,

[m+n] = [m] +[n]

[mn] = [m][n].

So the map is a homomorphism.

For the injectivity, we need to show that m # 0 = [m] # 0. It is enough to show that [—1] # 0,
[2] # 0 and [m] # 0 when m > 1 is odd.

By definition [—1] : (x,y) — (x,—y) so deg([—1]) = 1. Also, from Example 6.1.1.2, we know
that deg([2]) = 4, so both [—1] and [2] are non-zero. Finally, let m = 2k + 1 be odd, and assume

that char(K) # 2. Let P € E(K) be such that 2P = 0 but P # 0 (i.e. 0 # P € ker([2])). (There
are 3 such points since [2] is separable.) Then,

mP = (2k+1)P = P 0.

0 Hence [m] # 0. [ |

R The above proposition implies that the endomorphism ring End(E) of an elliptic curve is a
characteristic zero ring.

Separability criterion

We will now give a very useful criterion for an endomorphism to be separable. Let E : y> =
x® +ax+b be an elliptic curve, with a,b € K (recall that char(K) # 2,3). We can do implicit
differentiation on E; thus

dy 3x’ +a

dy
2yy =2y—= =3x%+ ==
yy y » 3x“4+aandy » 2

We can also differentiate any rational function R(x,y) on E:

d 0 d dy

aR(Xv}’) = gR(xv)’) + ij(x’y)a'

Lemma 6.2.6 Let P, = (x1,y1) and P, = (x2,y2) be points on E. Set P; = (x3,y3) = P + P».
If we view x3,y3 as rational functions in (the indeterminates) x1,x3,y1,y2, then
dx3 _y3 . dx3 )3

7—*811(17—*.
axi i ox2  »
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Proof. This is a long but straightforward calculation, which uses the addition law formulas: for
example if x| # xp:

2
(1=

X=—7—"| —Xx1—x
X1 —X2

yi—»n
y3=-=-Y1— <> (x3 —x1).

X1 —X2

Definition 6.6 Let E be an elliptic curve given by a long Weierstrass equation E : y* +ajxy +
aszy = X3 + ax* + asx + ag. The invariant differential form wg is the differential form given
by:

dx dy

- 2y+aix+as 32 —a1y+2ayx+ay
If E is given by a medium or a short Weierstrass equation then

()]

dx

O = —.
15 2}7

The following theorem provides a very useful criterion of separability and characterize the
invariant differential.

Theorem 6.2.7 Let E : y?> = x> +ax+ b over a field K with char(K) # 2,3. Then, we have
the followings.

@) If P =P, + P, where P, = (xi,y,'), then

ox3 3 dx3 3
— =="and =— = —.
dx; ¥ oxy  y2

(ii) If Q = [m]P with P = (x,y) and Q = (X, ) then

dXm _Ym
dx y
(iii) More generally, if @ € End(E) and o/(P) = (xq, Y« ), then there exists a constant cq € K

such that
dxg Yo

=Cq—-

dx y
(iv) The map End(E) — K given by & > ¢ is a ring homomorphism.

(v) ¢ =0« « is inseparable. In particular, for all non zero m € Z, the multiplication by
m map [m] is always separable in characteristic 0, and it is separable in characteristic p
if and only if p {m.

Proof. (i) is a tedious calculation (see the lemma above and assignment); (ii) follows by
induction on m > 1. We will not prove (iii) but only observe that the right formulation of
this statement is in terms of the invariant differential form. Consider the differential form
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g = g’—;f on E. Then (i) simply means that @ is translation invariant, whereas (iii) implies that
WE 0 00 = cqWE, Where ¢ € K.
To prove (iv), we first observe that

e If o is the zero endomorphism in End(E) then ¢y = 0.
e If o = 1 is the identity map in End(E) then ¢q = 1.

Next, let B € End(E) be another endomorphism. By writing

(a@+P)(x,y) = (Xarp:Yarp)

and using (iii), we get
dxep o Ya+p
dx =Ca+B y

The addition law on End(E) means that

(a+B)(x,y) = a(x,y) +B(x.y),

which implies that

(xa+ﬁ7)’a+ﬁ) = (Xa;Ya) + (xﬁaYﬁ)-

By applying (i) to this, we get

X1 p ::y“+ﬁ;nK18x“+ﬁ _ Yo+p
axd ya axﬁ yﬁ

By using the chain rule and the property (iii), we see that

Ya+p

dx Oxq dx dxg dx Ya y VB

Combining this with the first identity, we get cq1 g = cq + Cp-
For the composition of endomorphisms, we have

aB(x,y) = (Xap,Yap) = 0(xp,yp)
= (X(X(X,B)aya(xﬁvyﬁ» .

This gives
Xp = Xa(xg) and yop = ya(xg,yp)-

Applying (iii) to (xqp,Yep) yields

dxap _  Yop _ . Yal¥p:Yp) _  Ya(p.yp)vp
dx af y af y of VB .

Multiplying through by cqcp and rearranging, we get

dx ya(xg,yp) y dx
5 (22 ) i

where the latter equality uses (iii). From this, we conclude that

CaB = CaCps
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since by the chain rule
dxep , dxg
b el g
Finally, we only need to prove (v) when char(K) = p > 0, since every endomorphism is separable
in characteristic 0 by definition. To this end, write

o(x,y) = (Xa,ya) = (r1(x),r2(x)y)-
Then,
ais inseparable < 7| (x) =0 < x,, =0.

But ,
_dxg Yo xg (%)
=— =c(Coq— =,

dx y Ya/y
Thus ¢ =0 < x,(x) =0. [ |

Xg (%)

Corollary 6.2.8 If char(K) = 0, then the map @ > ¢ is an embedding End(E) — K. In
particular, End(E) is commutative.

Proof. The kernel of this map is
ker(at — c¢) ;== {a € End(E) : c¢q, =0} = {0}

since the only inseparable endomorphism in characteristic zero is the zero map. |

The parallelogram identity and the degree map

Theorem 6.3.1 — Parallelogram Identity. Let o, 3 € End(E). Then

deg(a+ ) +deg(a— B) =2deg(or) +2deg(B).

Proof. Since deg(0) = 0, deg([—1]) = 1 and deg([2]) = 4, the statement is clear when:
e =0
e o = 0since deg(—f) = deg([—1])deg(B)
e o = f} since deg(2a) = deg([2]) deg(a) = 4deg(a)
e o = —[3 for the same reasons as above.
Claim. It is enough to show that
deg(ar+ ) +deg(a— B) <2deg(cr) +2deg(P) Vo, B € End(E). (6.2)

Applying this to both o + 3 (in place of «, ), we get

deg((a+B)+ (o —B)) +deg((a+B) — (a — B)) < 2deg(a + B) +2deg(a — )

which is the same as

deg(2a) +deg(2fB) <2deg(a+p)+2deg(ax—f).
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This gives the reverse inequality
2deg(a) +2deg(B) < deg(a + ) +deg(ax — ).
To prove (6.2), let P = (x,y) € E(K), and set

Py = a(x,y) = (x1,01)

Py =B(x,y) = (x2,y2)

Py = (o0+B)(P) =P+ Py = (x3,)3)

Py = (00— B)(P) = Pi — Py = (x4,4).

75
factor, and let d; = max{deg(a;(x)),deg(b;(x))}. Then we need to prove that

The x; are all rational functions in x. Write each x; =

, where @;(x) and b;(x) have no common

d3+dy <2d)+2d;.

The following identity holds:

(x1 —x2)%x3 = (122 +A) (x1 4 x2) — 2y1y2 + 2B. (6.3)
Applying this to the point P;, where we recall that

Py=P —P, =P+ (—P2) & (x4,y4) = (x1,y1) + (X2, —y2),

we get

(x1 —x2)2X4 = (x1x2+A)(x1 +x2) +2y1y2 + 2B. (6.4)
This gives the two identities

(x1 —x2)2(x3 +X4) = 2(X1XQ —l—A)(xl +XQ) +4B
(x1 —x2)2x3X4 = (x1x2 —A)2 —4B(x1 +x2),
where the first one follows by adding (6.3) and (6.4), and the second one by multiplying them.
Interpreting these two identities in projective coordinates yields
[1:x3+2x4:x3x4) = [(x7 —x2)2 s (x —xg)z(m +2x4) : (x; —XQ)2X3X4]
= [(x1 —XQ)Z : 2(X1X2 +A)(x1 —i-XQ) +4B: (xle —A)2 — 4B(X1 —|—x2)].
(6.5)

We homogenize each x; by writing

_ ZYaX/Z)  Ui(X,Z)

" ZAbi(X)Z) T ViX,Z)

The U;,V; are homogeneous polynomial of degree d; in the variables X, Z, with no common
factor. By replacing this into (6.5) and clearing denominators, we get

(VaVy : UsVa+UyVs : UsUy) = [F : G - H,
where
F = UiV, — V),
G :=2(U1Us + AV V) (U Vo + UsVy ) + 4BVEVS
H := (U1Uy — AV} V5)? — 4B(U\Vy 4 Us Vo )V V.
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Every term on the left hand side has degree d3 + dj4, and every term on the right hand side
has degree 2d; + 2d>. The polynomials on the left hand side are coprime. Suppose W is an
irreducible polynomial such that W | VsV4 and W | UsU,. Then

W|V3OI'W|V4

w | U3 orW | U4
So either W divides both V3 and U, or W divides both V4 and U;. But
W divides V3,Us = W t UzandW { Vy.

Hence W { (U3Vy + U4 V).
Let W be the greatest common divisor of F, G and H. Then we have

[VaVy : UsVa 4+ UsVs : UsUs| = [WF, : WGy : WHy| = [F) : G : Hy,
where ged(Fi,G1,H;) = 1. It then follows that
ds +dy = 2dy + 2ds — deg(W) < 2d, +2d.
|

We can now determine the degree of the multiplication-by-m, for m € 7Z, as the first application
of the Parallelogram Identity.

I Corollary 6.3.2 Let m € Z, then the degree of the multiplication by m map is deg([m]) = m?.

Proof. This is true for m = 0,41, 2. It is enough to prove this for m > 0 since we have
deg([—m]) = deg([—1][m]) = deg([-1]) deg([m]) = deg([m]).
We do this by induction. Assume that deg([n]) = n? for all 1 < n < m, then
deg([m + 1]) + deg([m — 1]) = 2deg([m]) + 2 deg([1]),

and so
deg([m+1]) =2m*+2— (m—1)* = (m+1)*.

Lemma 6.3.3 Let A be an abelian group, and F a field such that char(F) #2. Let Q: A — F
be a map such that

O(x+y) +Q(x—y) =20(x) +20(y),
and put

Bx,y) = 5 (Q(x-+y) ~0(x) ~0)) ¥y €A
Then B is a symmetric bilinear form from A to F, i.e. it satisfies the conditions:
(a) B(0,0)=0.
(b) B(x+x',y) =B(x,y) +B(x'y), Vx,x',y € A.

(¢) B(x,y) = B(y,x), Vx,y € A.
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]
Proof. To prove (a), we observe that Q(0) = 0. Indeed,

0(0) +Q(0) = 20(0) +20(0) = 20(0) = 0 = Q(0) = 0.

The symmetry condition (c) follows from the definition and the fact that A is abelian. We only
need to prove (b), but we leave this as an exercise. |

Next, for o, B € End(E), we define

(a,B) = % (deg(a + ) — deg(a) —deg(B))-

Proposition 6.3.4 The map

End(E) x End(E) — Q
(a,B) = (e, B)

is a positive definite symmetric bilinear form, i.e., (¢t,ct) >0, and (&, ) =0 < o0 = 0.

Proof. The form (, ) is symmetric bilinear by Lemma 6.3.3 and the properties of the degree map.
It is positive definite because deg(ct) > 0 for all o € End(E). [ |

Proposition 6.3.5 Let o, € End(E). Then, for all m,n € Z, we have
deg(ma +np) = m* deg(a) + 2mn{ax, B) + n* deg(B).

Proof. This follows from the easy calculation

deg(ma +nP) = (mo+nf,mo+nf) = m?deg(a) +2mn{a, B) +n* deg(B).

Corollary 6.3.6 — Cauchy-Schwartz. Let o/, 8 € End(E), then

(0, B)? < deg(cx) deg(B).
Proof. For o¢ =0 or B = 0, both sides of the equality are zero. Otherwise, consider the map
X7 —Q
(m,n) — deg(ma+nB) = m? deg(a) +2mn{a, B) +n* deg(B).

By Proposition 6.3.4, this is a symmetric positive definite bilinear form given by the matrix

 (deg(a) (a.B)
M"<<a,ﬁ> deg(B))'

It is not hard to see that this form is positive definite if and only if the form
QxQ—-Q
(x,) = (x,3)M(x,y)"
is positive definite. Therefore, its discriminant must be positive, i.e.

(@, B)* < deg(ar)deg(P).
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The endomorphism ring
In this section , we use the degree map to derive further properties of the endomorphism ring
End(E).

Proposition 6.4.1 Let o € End(E). Then « satisfies the quadratic equation o> —ta +d = 0,
where t =2(a, 1) and d = deg(a.).

Proof. Tt is enough to show that deg(a® —to +d) = 0. But
deg(a® —ra+d) = (o> —ta+d,a* —ta+d)

= (o2, o) + 13 {(a, &) +d* — 2t (&, &) +2d (a®, 1) —2td (e, 1)
= deg(ar?) + 1> deg(a) +d* — 2t{a?, &) +2d(a?,1) — 2td (e, 1)
= deg(o)? + 1> deg(a) +d*> —2t{a?, &) +2d (0, 1) — 2td (e, 1)
=d*+ 1% d+d* =2 (0?, 0) +2d(0?, 1) —1%d
=2d* —2t{a?, ) +2d{a*, 1)
=2d* - 2t(a?, &) —2d (&, —1).

It is not hard to see that
(aB,B) = 5 (deg(af + B) —deg(af) —deg(B))
(deg(B)deg(a+ 1) —deg(ax) deg() — deg())

deg(B) (deg(ar+1) —deg(a) — 1)
eg(B)(a, 1).

NSRS N S

o

In particular,
2(a?, a0) = 2deg(a)(a, 1) =1d.

Next,
2(a?, —1) = deg(a® — 1) —deg(a?) — 1 = deg((a+1)(ct — 1)) — deg(a®) — 1
= deg(a+1)deg(a — 1) —deg(cr)? — 1
= (deg(a) +2(a, 1)+ 1) (deg(ct) —2(o, 1) +1) —d* — 1
=(d+t+1)d—t+1)—d*—1=(d+1)?-1*)—d*—1
=2d —1%.

Replacing this back, we get
deg(a® —ra+d) =2d* —t(td) —d(2d —1*) =0
|

We can now summarize what we have learned about endomorphism rings of elliptic curves. We
already showed the followings:

e End(E) is a characteristic zero ring since Z < End(E).

e The map (End(E) — K, ot — ¢ is an injection when char(K) = 0.
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e End(E) has no zero-divisors, i.e. a,B € End(E) and af =0 — a=0or f =0.
Indeed, deg(af) = deg(cr)deg(f) and deg(a) =0 <— a =0.

e Every a € End(E) is at worst quadratic over Z.
When char(K) = 0 this forces End(E) to be isomorphic to
e 7 (typical case), or

e an order ¢ in an imaginary quadratic field, i.e. ¢ = Z[a] C Q(v/—D), where D is
a positive integer, and o satisfies a monic polynomial with integer coefficients. (E.g.
Z]v/—1] and Z[v/—5].) This is called the CM case or complex multiplication.

Example 6.4.1.1 Let K = Q(i), where i*> = —1, and let E be the curve given by y> = x> +x.
Then, the map « : (x,y) + (—x,iy) is an endomorphism such that > = —1 since

Olz(x,y) = (x7 _Y) = [—1]()6,))).

One can show that End(E) = Z[i].

6.5 Automorphisms of elliptic curves
We now turn to the special case of the isomorphisms of a given elliptic curve onto itself.
Definition 6.7 Let E : y> = x> + Ax+ B, with A, B € K, be an elliptic curve. An automor-

phism of E is an isomorphism of E onto itself. The set of automorphisms of £ form a group,
which we denote by Aut(E).

The following theorem show that Aut(E) is rather small (let us remark that K is of characteristic
different from 2 and 3).

Theorem 6.5.1 Let E : y2 = x3Ax+ B, with A,B € K, be an elliptic curve. Then we have
(i) Aut(E)~Z/27Zif j(E) #0,1728.
(ii) Aut(E) is a cyclic group of order 6 if j(E) = 0.

(iii) Aut(E) is a cyclic group of order 4 if j(E) = 1728.

For any elliptic curve E, not necessarily in short Weierstrass equation and in any characteristic
(hence, also in characteristic 2), an automorphism ¢ is an endomorphism of degree 1 which has
an inverse, i.e. an isomorphism of the elliptic curve onto itself. In general, an automorphism is a
map of the form

a(x,y) = (ax+b,cy+dx+e)

for all (x,y) € E(K) where a,b,c,d,e € K which is invertible: this gives restrictions on the
coefficients a,b,c,d,e. The inverse map is given by

b y+L&+dy,
(‘x7y)—> <x+ 7y a a ?
a C

so in particular ¢ is an automorphism if and only if a,c # 0. If E is given in short Weierstrass
equation and the characteristic of K is not 2 or 3 then we can express o as an isomorphism, like
in Chapter 4.
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7. Elliptic Curves over finite fields

In this chapter we will focus on elliptic curves over finite fields and prove one of the most
important results in this theory: the Hasse-Weil inequality. In order to do so, we will study the
Frobenius endomorphism which is the simplest example of an inseparable endomorphism.

We will also complete the definition of j-invariant in the cases excluded in Chapter 3, that is
when the field K has characteristic 2 or characteristic 3.

J-invariant characteristic 2 and 3

Elliptic curves in characteristic 2

In the previous chapters we have been mostly using elliptic curves E over K given by short
Weierstrass equations instead of long Weierstrass equations: when the field K has characteristic
different from 2 and 3, we have shown that there exists a change of coordinates from a long
Weierstrass equation to a short Weierstrass equation. If the field K has characteristic 2, the
formulas given do not apply. In this section we sketch what happens in this case.

For the remaining of this section we will assume char(K) = 2.

First let us observe that the short Weierstrass equation gives a singular curve. Let C be the curve
y? = x> + Ax + B defined over K and let g(x,y) = y> — x> — Ax — B, then g—y =2y=0and % =
—3x2—A=x%*+A. For any xg € K such that 2+A=0,let yo be the square root of xg +Axo + B.
The point (xo,yo) lies on the curve C and it is a singular point since g—i(yo) = % (x0) = 0.

Let E be an elliptic curve over K given by a long Weierstrass equation:

E: y2 +axy+asy =x +a2x2 + asx + ag,
with ay,a»,a3,a4,a6 € K. There are two cases we will consider, depending on the coefficient a;.
Case 1. Let us suppose that a; is not zero, then the change of coordinates:

— 2 a3
)c—alxl—l—a—1

3 —3/,.2 2
y=ajy1 +a,”(ajas +a3).
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gives the following equation: y? +x1y; = x; + ayx? + a with a),a) € K. This equation is
non-singular if and only if a # 0. In this case we set
1
j(E) == —.
J(E) a

Case 2. Let us suppose that @; = 0, then the change of coordinates:

xX=x1+a
y=>yi-

gives the equation: yf +djy; = x3 +djx; +aj, with a},d, and daf € K. This equation is non-
singular if and only if a5 # 0. In this case we set

J(E) :=0.

The group law on an elliptic curve E over a field K of characteristic 2 is defined as we did
in Chapter 2, through chord and tangent process. Let us notice that the inverse of a point

P = (x,y) € E(K) is the point —P = (x, —ajx —az —y) € E(K) (the usual formula for the inverse
of a point for an elliptic curve given by a long Weierstrass equation).

Let us describe the duplication law in characteristic 2. One of the expressions we will derive has
been already used in Example 6.1.1.4. As before there are two cases, depending on the equation
of the elliptic curve or, equivalently, depending on the j-invariant being zero or not.

Let P = (x0,y0) € E(K).

If the elliptic curve E is given by y2 +xy= x>+ arx* + ag with ay, a6 € K (hence, ag # 0) then
by implicit differentiation we have:

dy 2
— 4+ (y+ =0
X » (y+x9)

since 2y +x = x and y+3x? 4 2ax = y+x2. If xy = 0 the point P = —P hence 2P = 0. Otherwise,

2
the slope of the tangent line L thought P is m = y"xﬂ So the equation of the line is given by:
0
L:y=m(x—xo)+o,
and the intersection LNE = {P,—2P} contains the point —2P = (x1,y;) where

x* +ae

X1 :m2+m+02:x72 yl:m(xl_x0)+YO-

4
Hence, 2P = (x,,y,) where x, = x"j# and y; = x1 +y1.
0

Similarly, if the elliptic curve E is given by y2 +azy = x> 4 asx + ag with a3, as and ag € K, and
as # 0, by implicit differentiation:

d
613*y + (ag +x%)

=0
dx
so the equation of the tangent line at the point P is
x(z) +ay
L:y= T(X—Xo) + Yo-

)
As before, an easy computation shows that 2P = (x3,y2) where x; = % and y, = az +y1.
3
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The j-invariant in characteristic 3

Let E be an elliptic curve over a field K with char(K) = 3. Then, after a suitable change of
coordinates, E is given by a medium Weierstrass equation:

E :y2 :x3+a2x2+a4x+a6,

with ay,a4,a¢ € K. The j-invariant of E is defined as:

6 6
. a a;
JE)= =553 3= AL

- - ’
asay —ayag—a; Ay

where Ay is the discriminant of f (x) = X3 4 arx* 4 asx + ag (this formula is false if the charac-
teristic is not 3).

Isomorphism classes

Let p > Sbe aprime, and K = ,(=Z/pZ). The group F; is a cyclic group. Let { be a primitive
root modulo p, i.e. a cyclic generator of ;. Let (JF; )% denote the subgroup of elements in F »
that are square. We can write

]F; = {17§7C27"'7Cp_2}
(Fx)?={1,£%¢%...,6r}.

We see that the cardinality of (F)? is ”2;1, i.e. half of that of ;. In other words, half of

the non-zero elements of [F,, are squares, and the other half are non-squares. So the quotient
2 . . .

F/(IF;)* is a group of order 2 with representatives 1 and C.

LetE:y>=x+Ax+B, withA,B € IF 7, be an elliptic curve. The condition A, B # 0 implies

that j = j(E) # 0,1728. For every g € F;, let
E® 2 =+ ¢?Ax+¢’B.

Then E®) is also an elliptic curve, and we have j(E) = j(E®)). If g is not a square in I, then
E 2 E® over F,, but E = E®) over Fp. In general, E = E® over I, when g is a non-zero
square, and E 2 E®) over IF, when g is a non-square.

Hence, for each j # 0,1728, there are two isomorphism classes of elliptic curves E/F,, with
J(E) = j. The calculations for j =0 and j = 1728 depend on the order of F; / (IF;)4 and of
F /(F)° respectively.

The Frobenius endomorphism

The Frobenius map is the simplest example of an inseparable map which plays an important role
in the study of elliptic curves over finite fields.

Let [, be a finite field with g elements, where g = p* for some prime p. We recall that, as a
subfield of the algebraic closure I, of ), F,, is characterised by

F,={x€eF,:x?=x}.

Indeed, the zero element of I, clearly satisfies the identity x? —x = 0. Since F, is a field,
Fy =T, \{0} is a group with (¢ — 1) elements. Thus each x € I satisfies the polynomial
x4~ —1 =0, which is separable in F,[x] since (x¢~! — 1)/ = —x472 # 0. Thus the roots of this
polynomial are the (g — 1) distinct elements of F .
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Definition 7.1 Let E be an elliptic curve over I,. The Frobenius map of E is given by

9y : E(Fy) — E(Fy)
(x,y) = (x,y7).

It is easy to see that this is indeed a map: if P = (x,y) € E(F,), then we have
()2 = (") = (P +Ax+B)? = X+ A% + BT = (x1)} + Ax? + B = f(x).

(Note that this uses the fact that E is defined over FF,.) Hence, ¢,(P) = (x4,y?) € E(F,,).

Corollary 7.3.1 (a) The map ¢, is a (purely) inseparable endomorphism.
(b) For every integer m,n € Z, the map m¢@, + n is separable if and only if p { n.

Proof. The map ¢, is clearly given by rational functions; since ¢,(0) = 0, it is an endomorphism
by Theorem 6.1.1. Furthermore, ¢, is inseparable since the derivative of the first coordinate is
gx?~1 = 0. In fact, we can see that

deg;(9,) = q and deg,(¢y) = 1.

Thus ¢, is purely inseparable (in particular, ¢y, = 0). This proves (a).
For (b), we observe that, by Theorem 6.2.7 (ii) and (iv),

Cm@y+n = MCy, +n=n.
This implies that c,9,+ 7 0 <> p{n. By Theorem 6.2.7 (v), this means that m@, + n is separable

if and only if p 1 n. |

Corollary 7.3.2 Let E be an elliptic curve over a finite field IF,. Then, we have
HE(F,) = deg(9, — 1).
Proof. Let P = (x,y) € E(F,); we see that
PecE([F,) & (x1,y!) =(x,y) © ¢,(P)=P = (¢, —1)(P) =0« P c ker(¢, — 1)
Hence, E(F,) = ker(¢, — 1). By Corollary 7.3.1, we know that (¢, — 1) is separable. So it

follows from Theorem 6.2.4 (iii) that #E (F,) = #ker(¢, — 1) = deg(¢, — 1). [ |

Hasse’s Inequality

Let E be an elliptic curve over the finite field ;. Estimates for the size of the group E(F,) are
important for cryptographic applications.

For example, let E be the elliptic curve y? +xy+y = x> +x? +x+ 1: then we have that #E (F1»7) =
120,#E(F163) =152 and #E(F]oog) = 980.
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(a) #E(F127) = 120, (b) #E(F163) = 152, (c) #E(F1009) = 980.

We can now prove the following important result:

Theorem 7.4.1 — Hasse’s Inequality. Let g be a prime power and [F,; the finite field with ¢
elements. Let E be an elliptic curve defined over IF,. Then, we have

#E([Fy) = (g+ 1) <2v/4.

Proof. We recall the Frobenius endomorphism

o, E(F,) = E(F,)
() = (x7,57).

It has degree deg(¢,) = g. We showed in Corollary 7.3.2 that #E (IF,;) = deg(¢, — 1), hence:
#E(Fy) = deg(¢g — 1) = deg(9y) —2(¢g, 1) +1 =g+ 1—-2(¢g, 1).
Hence
#E(Fq) — (g +1) = —2(¢y, 1).
By the Cauchy-Schwartz inequality, we see that
#E(Fq) — (g+1)| = 2[(0g, 1) <2/

Example 7.4.1.1 Let g =7, and E an elliptic curve over F;. Then, the Hasse Inequality
implies that

HE(F7) — (74 1)] <2V7 = V28 = [#E(F;7) — 8| < 5.

So
3 <#E(F7) <13.

R For an elliptic curve E over Iy, the finite field with ¢ elements, the Hasse Inequality gives
a very good estimate of the size of the group of Fy-rational points on E:

q+1-2q <H#E(F,) < q+1+2/q.
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Corollary 7.4.2 Let E be an elliptic curve over F,. Let a, = g+ 1—#E(F,). Then, the
Frobenius endomorphism ¢, satisfies the polynomial 7= agx—+q.

Proof. In the proof of Theorem 7.4.1, we showed that
ag=q+1—#E(F,) =2(¢4,1).

Since deg(¢,) = ¢, Proposition 6.4.1 implies that ¢, satisfies the equation x> — agx+q=0.
We can reinterpret the Hasse Inequality as the statement that

—2v/q <a; <2/q.

) The statements of this section and the previous do also hold in characteristic 2 and 3.

Let E be an elliptic curve defined over F, then #E(IF,;) = g + 1 — a,. The Frobenius endomor-
phism ¢, satisfies: x> — agx+q = 0. Let a, B be the roots of X% — agx+q = 0, therefore,

K —agxtqg=(x—a)(x—B)=0

where 0+ 8 = a,, aff =q.
Let n be a positive integer, it is possible to prove the following recursive relation to compute the
number of points of E over the finite field of cardinality ¢":

BE(Fp)=q'+1—ap =q'+1—a" —B".

Endomorphism ring

Analogously with the characteristic zero case, when char(K) = p > 0 is prime, there are two
cases. In positive characteristic, the endomorphism ring is a characteristic zero ring but it has not
to be commutative. Here the two cases:

e the elliptic curve is said to be ordinary if End(E) has rank 2, this is the “usual case”;

e the elliptic curve is said to be supersingular if End(FE) has rank 4, this is the “unusual case”.
In that case, End(E) is non-commutative, and is isomorphic to an order in a quaternion
algebra.
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8. Points of finite order

In this chapter, we will show that for an elliptic curve E defined over a field K, with char(K) = 0,
and a positive integer n the torsion subgroup

E[n]={P € E(K):nP =0} (Z/nZ) x (Z/nZ).

We will also describe the torsion subgroup when the field K has positive characteristic.

At the end of the chapter, we will briefly explain the construction of Galois representations
attached to elliptic curves from torsion subgroups. Galois representations are some of the most
important objects in modern number theory: for example, they play a crucial role in the proof of
the Fermat Last Theorem.

Points of finite order

Let K be a field, and E an elliptic curve defined over K. Let n € Z be non-zero. Then, by
Theorem 6.2.4 (i), we know that the multiplication-by-n is surjective.

Definition 8.1 A point P € E(K) has finite order if there exists a positive integer n such that
nP = 0. The smallest of such 7 is called the order of the point and we denote it by ord(P).
We define the n-torsion subgroup of E to be

E[n] :=ker([n]) ={P € E(K) :nP =0} = {P € E(K) : ord(P) | n}.

By Theorem 6.2.4 (i), (iii) and Corollary 6.3.2, we know that
#En] = deg,([n]) < deg([n]) = n”.

We need the following theorem for characterise the n-torsion subgroup:

Theorem 8.1.1 — Structure Theorem for finite abelian groups. Let A be a finite non-
trivial abelian group. Then, there exists a sequence of integers 1 < n; <ny < --- < ng such
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that n; | niy1, for 1 <i <k, and
A (Z/MZ) x -+ x (Z]mZ).

The integers (n;) are uniquely determined.

Proposition 8.1.2 If char(K) = 0 or char(K) = p and p { n, then
E[n| = (Z/nZ) x (Z/nZ).

Proof. The conditions on char(K) ensure that the multiplication-by-n is separable; hence #E [n| =
n’. By Theorem 8.1.1, we can write

E[n) = (Z/mZ) x (Z)mZ) x - x (L)L),

where n; > 0 and n; | n;11, 0 < i < k. This implies that E[n;] C E[n] has order n’f But we just
proved that #E[n;] = n?, so k = 2. Since multiplication by 7 annihilates

En| = (Z/mZ) x (Z/n7),

we must have n; | n. This combined with njny = n? implies that n; = ny = n. |

Example 8.1.2.1 Assume char(K) # 2, and E be given by an equation
V=(x—e)(x—er)(x—e3), ¢, €K.
Then, the above proposition implies that
E[2] ={0,(e1,0), (€2,0), (e3,0)}.

Let T; = (¢;,0),i = 1,2,3; then T3 = T} + T>.
If char(K) = 2, as we have seen before [2] is inseparable, so #E[2] < 4. In fact #E[2] =1 or
2 as the Theorem 8.1.5 shows.

Example 8.1.2.2 Assume that char(K) # 2,3, and E : y* = x° + Ax+B. Let P = (x,y) €
E(K). Then, we see that

Phas order3 < 2P = —P
= x(2P) =x(P) =x
= 3x* +6Ax> + 12Bx — A? =0,

which clearly has a non-zero discriminant. Therefore #E[3] = 9 (each root of this polynomial

gives two opposite points in E(K), plus the zero element).

p ) In Definition 8.1, we work with the algebraic closure K of K. Otherwise, [n] would no
longer be surjective, and the conclusion of Proposition 8.1.2 would be wrong.

For K C K’ C K, we will write E(K")[n] for the subset of E[n] consisting of the n-torsion
points with coordinates in K’. By definition, £ (K')[n] is a subgroup of E[n].
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Example 8.1.2.3 (a) The curve E; : y* = x> — 2 has no 2-torsion point defined over Q since
x® = 2 has no rational solutions, i.e. E{(Q)[2] = {0}.

(b) For the curve E; : y? = x(x*> + 1), we have E»(Q)[2] = {0,(0,0)}, but
E(Q(Z)) [2] = {07 (070)7 (ii70)}‘

(c) All the 2-torsion points of the congruence curve E,, : y* = x(x> — n?) are defined over Q:

E(Q) [2] = {07 (070)7 (:tn,O)}.

Proposition 8.1.3 Let char(K) = p (prime). Then, either
1. E[p¢] = {0} for all e > 1 (when E is supersingular), or

2. E[p*] = Z/p°Z for all e > 1 (when E is ordinary).

Proof. First assume that e = 1. Since [p] is inseparable, either
1. deg,([p]) = 1 and deg;([p]) = p?, which implies that E[p] = {0}, or

2. deg,([p]) = p = deg;([p]), in which case E[p| = Z/ pZ.

e

We observe that for a general e, Case (1) implies that [p] is purely inseparable; hence [p¢| = [p
is purely inseparable. Thus E[p¢] = {0}. In Case (2), deg,([p]) = p implies that deg,([p°])
deg,([p]°) = p*; hence E[p*] = Z/p°Z.

Let us recall the following result about abelian groups:

Lemma 8.1.4 If A is an abelian group and m,n are coprime positive integers, then
Almn] = Alm] x A[n].

Combining Lemma 8.1.4 and Propositions 8.1.2 and 8.1.3 we obtain the following result:

Theorem 8.1.5 Let E be an elliptic curve defined over a field K. For all n > 1,
(i) If char(K) = 0 or char(K) = p{ n then E[n] = (Z/nZ)>.
(ii) If char(K) = p | n then either

(a) E[n]| = Z/mZ x 7./mZ; or
(b) E[n| =2 Z/mZ x Z/nZ,

where we write n = p®m with p{m (soe > 1).

Definition 8.2 Let E be an elliptic curve defined over a field K. The torsion subgroup of E
is defined as

Eors := | J Eln].

n>1

This is the subgroup of E(K) consisting of all points of finite order. It is infinite abelian.
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Division polynomials

Let K be a field, and E an elliptic curve defined over K. Let n € Z be non-zero. The n-torsion
subgroup of E can be described through the zero locus of polynomials. In this section we will
explain shortly how it is possible to do this.

Definition 8.3 Let E be an elliptic curve over the field K, given by a short Weierstrass
equation: y*> = x>+ Ax+ B. Let n be an integer greater or equal to zero, the n-th division
polynomial y;, on E is defined using the following recursive formulas:

lll():O?
Y = 1’
ll/2:2ya

v = 3x* + 6Ax> + 12Bx — A,
vy = 4y(x® + 5Ax* 4+ 20Bx® — 5A%x* — 4ABx — 8B* — A%),
Yami1 = W2V — Y 1Yy form>2
Yom = (2) ™ (W) (Wims2 V1 — Wm—zl[/,iﬂ) form > 2.

If the elliptic curve is given by a long Weierstrass equation, similar formulas are available,
anyway, we will only define these polynomials for elliptic curves given by short Weierstrass
equations.

For any positive integer m, define the polynomials:

Om :xWr%z —VYnt1Ym-1, O = (4)’)71(Wm+2w;%171 - l/"m—Zl//r%zH)'

Using these polynomials we can express the multiplication by n endomorphism:

Theorem 8.2.1 Let P = (x,y) be a K-point of the elliptic curve y* = x> + Ax + B over a field
K of characteristic different from 2, and let n be a positive integer. Then

= (Wi vt )

where ¢, (x), W2 (x) are the polynomials obtained from ¢, (x,y), w2 (x,y) through the equation
y? =x3+Ax+B.

The proof of this theorem goes through the Weierstrass g-function if the characteristic of K is
zero, and elements of algebraic geometry otherwise, hence we omit it. Anyway, let us remark
that it is possible to show that ¢, (x) and w2 (x) have no common factor and that the degree of
¢, (x) is n?. Therefore, it is possible to obtain again that the multiplication by n has degree n’
without using the parallelogram identity.

Moreover, a point P = (x,y) € E(K) is a point of n-torsion if and only if y2(x) = 0, by definition
of endomorphism.

Galois representations

For the rest of section, we let that K = Q. We recall that the Galois group of Q over Q is defined
by Gal(Q/Q) = Aut(Q). Let us denote its action on Q by x — o(x), o € Gal(Q/Q).
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Let n > 2 be an integer, and set
X
/,Ln::{xEQ :le}.

This is an abelian group under multiplication. For any {’ € u,, we say that {’ is primitive if
§"™ =1 implies that n | m. Let { = e’ then { is a primitive root. Every other primitive root is
of the form ¢’ = {™ with ged(m,n) = 1. In fact, L, is a cyclic group in which every primitive
root is a generator, and we have a natural bijection

Un — Z/nZ

"™ —m:=mmod n,

which sends the set of primitive roots to (Z/nZ)*. B
The action of Gal(Q/Q) on Q preserves L, since 6 € Gal(Q/Q) and {’ € u,, implies that

() =o(g") = o(1) = 1.

Moreover, since every ¢ € Gal(@/ Q) is an automorphism, its an preserves orders; and so,
o(¢’) is primitive if and only ¢’ is primitive. So, for all ¢ € Gal(Q/Q), there exists an integer
mg such that gcd(mg,n) = 1 and 6(§) = {™e. It is not hard to see that the map

&, : Gal(Q/Q) — (Z/nZ)*

O — mg mod n

is a well-defined group homomorphism. It is called a mod n cyclotomic character.

Example 8.3.0.1 Let p > 3 be prime. Then x” —1 = (x — 1)®,(x), where
@l)(x) :xp71 _’_xp72++x+1

is irreducible. The primitive root { = e clearly satisfies @,(x). Let ¢ € Gal(Q/Q); since
o is Q-linear, and is a ring homomorphism, we see that

®p(0(8)) = 2,(8) =0.
Hence, o({) is also a primitive root of 1. In this case, we get the mod p cyclotomic character
g,:Gal(Q/Q) = F,
o E,(0).
This is a one dimensional mod p Galois representation.

Now, we let E : Y2 = X3 + AX + B be an elliptic curve, with A, B € Q. For ¢ € Gal(Q/Q) and

P = (x,y) € E(Q), set
o(P) = (co(x),0(y))-

Since 6 : Q — Q is a ring homomorphism (hence it is Q-linear), we see that
PeE(Q) = o(P) € E(Q).
Moreover,

(t0)(P) = 1(c(P)) V1,0 € Gal(Q/Q).
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So, this defines an action of Gal(Q/Q) on E(Q). Furthermore, we see that this action sends

lines to lines. So it is compatible with the group structure of E (Q). In particular, the action
of Gal(Q/Q) preserves the subgroup E|n|. Next, let us choose a (Z/nZ)-basis of E[n], that is
equivalent to giving an isomorphism E[n] = (Z/nZ) x (Z/nZ). We note that E[n] is a (Z/nZ)-
module, i.e.

[a]P+ [b]Q € E[n],VP,Q € E[n]anda,b € Z/nZ.
Then, the action of Gal(Q/Q) gives rise to a group homomorphism

Pn: Gal(Q/Q) — Aut(E[n]) = GLy(Z/nZ).

From now on, assume that p is a prime. In that case,

E[p] = (Z/pZ) x (Z/pZ) =F, x F,.

Definition 8.4 The mod p Galois representation attached to E is defined by

Py : Gal(Q/Q) — GL,(F,).

Theorem 8.3.1 Let p, : Gal(Q/Q) — ‘GL,(F) be the mod p representation attached to an
elliptic curve E. Then, for all o € Gal(Q/Q), det(p,(0)) = &,(0).

Galois representations are some of the most important objects in modern number theory. For
example, they play a crucial role in the proof of the Fermat Last Theorem.

Example 8.3.1.1 Let p > 5, and consider the Fermat equation a” + b” = ¢ (see Section 1).
Assume that there is (a,b,c) € Z3 such that abc # 0 and gcd(a,b,c) = 1. WLOG, we can
assume thata = —1 (mod 4) and b =0 (mod 2). Consider the elliptic curve

E:y* =x(x—a")(x+bP).
This is called the Frey curve associated to the solution (a,b,c). It has discriminant
A= [(0—(=a"))(0—b")(~a” —b")]* = (abc)?”.
The above construction says that there is a mod p Galois representation
P, : Gal(Q/Q) — GL,(F,),

associated to this curve, and hence to the solution (a,b,c). Hence, to show that (a,b,c)
doesn’t exist, it is enough to show that p,, cannot exist. This can be done by relating p, to
Galois representations attached to modular forms. A deep and careful study of the latter
reveals that p,, cannot exist.
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9.1

9. Elliptic curves over QQ: torsion

In this chapter and the next, we will study the structure of the abelian group E(Q), when E is an
elliptic curve over Q. Namely, we will prove the following theorem.

Theorem 9.0.1 — Mordell-Weil. Let E/Q be an elliptic curve defined over Q. Then the
group E(Q) is finitely generated, i.c.

EQ) ~=Z"&T,

where r > 0 is the rank of E(Q), and T is a finite group. This means that there exist » > 0
points Py, ..., P. € E(Q) such that every point P € E(Q) can be uniquely expressed as

P=Py+nP+--nP,withn;€Z, BheT = E(@)tors-

We will first see that, for most primes p, we can reduce the curve £ modulo p and obtain a curve
E, over IF,,, the field of integers mod p. The information gathered in this process will be used to
determine E(Q)ors. Then, we will proved that E(Q) has finite rank.

Valuations

Let p be a prime, x € Q*; then we can write

(4

xX=p

9

SR

where a,b € Z, p{ab and gcd(a,b) = 1. We set
vp(x) =ord,(x) =e.
We see that
e v,(x) > 0if and only if p divides only the numerator of x.
e v,(x) =0 if and only if p divides neither the numerator nor the denominator of x.

e v,(x) <0 if and only if p divides only the denominator of x.
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Definition 9.1 Let p be a prime. The map

vp: Q= ZU{eo}
0> oo
x = vp(x), x #0,

is called a p-adic valuation.

Lemma 9.1.1 Let p be a prime. Then
L. vp(xy) = vp(x) +v,(y)
2. vp(x+y) > min{v,(x),v,(y)}, with equality if v,(x) # v, ().

Proof. Exercise. |

Example 9.1.1.1 v2(4-4) = v2(16) = 4 = v2(4) +12(4), on the other hand, v>(4 +4) =
v2(8) =3 > 2 =min{v,(4),1(4)}.

Definition 9.2 Let p be a prime and x € Q*. We say that x is
e p-integral if v,(x) > 0,

e a p-unmit if v,(x) =0,

Definition 9.3 Let p be a prime. The p-adic norm (or absolute value) associated to v, is
the map |- [, : Q — R defined by

|0, x=0
‘X|p.— p*"p(x)7 X #

From Lemma 9.1.1, it immediately follows that

L beylp = xlplylps

2. |x+y|p <max{|x|p,|y|,}, with equality if |x|, # |y],.

R The p-adic valuation v, and norm |- |, are designed to encode divisibility properties by p.
Indeed, the higher the power of p that divides an integer x is, that is v, (x), the smaller is

its norm |x|, = p~*»(*). The completions Z, and Q, of Z and Q with respect to | - |, are
called the p-adic integers and p-adic numbers, respectively. We have

Zp={x€Qp:vp(x) > 0}.

r) LetxeQ,thenv,(x) > 0Vp if and only if x € Z. In other words,
Z={xeQ:vy(x) >0Vpprime}.
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Integral models

Let E: Y% = X3 +AX +B, with A, B € Q, be an elliptic curve. Recall that we may replace (A, B)
by (u*A, ubB), for any u € Q*, to obtain a curve which is isomorphic to E. By using a suitable
U we arrive at an equation in which

1. the coefficients A, B € Z: integrality condition, any equation satisfying this is an integral
model of E,

2. if d* | A and d° | B then |d| = 1: minimality condition, any equation satisfying this is a
minimal model of E.

This process will not affect the group structure of E(Q) since (x,y) — (u?x,u®y) is a group
isomorphism over QQ since y € Q*.

Example 9.2.0.1 The curve E : y> = x> +2x— 3 is a minimal integral model for the curve

2592 139968
E':y' =4 — .
Y =t 5T 15625

To see this, simply take (1t = %.

r) Thecurve E:Y 2 = X3 4 AX + B is integral and minimal if and only if for all prime p:

1) ]

Why are we interested in integral equation? The reason is that we can reduce them and consider
equations over finite fields.

Let E be an elliptic curve given by an integral short Weierstrass equation Y = X> + AX + B,
then we may reduce E modulo p to get a curve

E:Y*=X’+AX +B,

where A, B € F, are the reductions of A, B mod p. This may be a singular curve. Fortunately, the
next lemma implies that this only happens finitely many times.

Lemma 9.2.1 Let E/Q be an elliptic curve given by an integral equation Y2 = X3 +AX + B.
Then for all but finitely many primes p, the reduced curve E is an elliptic curve over I ,.

Proof. The discriminant A = —(4A3 +27B?) € Z is non-zero. The discriminant of E is A which
is 0 € F,, if and only if p | A. But A only has a finite number of prime divisors. |

Definition 9.4 Let E/Q be an elliptic curve given by an integral equation ¥Y? = X3 +AX + B,
and p an odd prime. Then E has good reduction at p if p{ A. If E/Q is given by an integral
minimal equation and it has not good reduction at p, then it has bad reduction at p.

If an elliptic curve has bad reduction modulo a prime, then its reduction is a singular cubic.
Therefore, we classify the reduction type according to the singular curve: additive (the singular
point is a cusp) or multiplicative (the singular point is a node) split or non-split.

We will omit the prime 2 from the discussion (a different definition of discriminant would be
needed to study the reduction modulo 2).
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Example 9.2.1.1 (1) Let n > 1 be an integer, and E,, : Y> = X3 — n?X the congruent number
curve associated to n. The discriminant of E,, is A = 4n°. Therefore E has good reduction at
p for all prime p { 2n.

(2) The curve E : Y? = X3 + ¢, with ¢ € Z has discriminant A = —27¢%. So it has good
reduction at p if p 1 6¢.

Lemma 9.2.2 LetE :Y? = X> +AX + B, A, B € Z, be given by an integral equation, and let
p12A. Then, there is a well-defined map r, : E(Q) — E(F),), called the reduction map.

Proof. Let P:= [x:y:z] € P>(Q), where we choose x,y,z € Z such that ged(x,y,z) = 1 (see
Assignment 1), then min{v,(x),v,(y),v,(z)} = 0. So one of the coordinates is a p-unit, and its
image in IF,, is non-zero, hence [%: y: 7] € P*(F,). Let X',y’,z € Z be such that ged(¥',y,7’) = 1
and [x' :y : 7] = [x:y:z]. Then, we must have x' = ux, y = uy and 7/ = uz, with u = +1, so
rp(P) == [%:7:Z] is well-defined.

(Q) —"~P(F,)

P2
E(Q) —~E(F,)

Let E : Y>Z = X3 4+ AXZ? + BZ? in homogeneous coordinates, and E : Y>Z = X3 + AXZ? + BZ*
its reduction modulo p. Then we see that [x:y: z] € E(Q) implies r,([x:y:2]) € E(F,). N

R Let E be an elliptic curve over Q, then there exists a prime p such that £ has bad reduction
modulo p: this is a theorem of Tate.

We will go back to study the reduction map in details at the end of this chapter.

Torsion subgroup: The Lutz-Nagell Theorem

Let E be given by an integral short Weierstrass equation. We will see that points of finite order
are integral. The Bachet-Mordell equation Y2 = X3 — 2 shows that the converse is false since
P = (3,5) has infinite order.

Example 9.3.0.1 Let E : Y> = X3 —2,and P = (3,5). Then, we see that

(343 383
=z rs)

2251 5-43-71-4
3P:(73 51 5.43.7 339)7

341927 36.193
P (3-11-43'59-27961 23-911.48383.111721>
24.52.3832 26.53.3833 ’
sp_ (3-241~49681-8556001 52-179-269~39239-63901-1510679)
292.2112.20692 ° 293.2113-20693 '

The number of primes appearing in the the denominators and their powers are increasing
more and more through the multiple of P.
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It it possible to characterize the (Q-rational points of an elliptic curve given by an integral short
Weierstrass equation:

Proposition 9.3.1 Let E/Q be an elliptic curve given by an integral equation ¥? = X3 +
AX +B. Let P = (x,y) € E(Q). Then

where a,b,c € Z, ¢ > 0, ged(a,c) = ged(b,c) = 1.
Proof. Write P = (x,y) with x,y € Q. It suffices to show that for all primes p,
vp(x) <0 v,(y) <0 vy(x) ==2r, v,(y)=-3r (r>0).

If v,(x) = —k < 0 then v,(x*) = =3k, v,(Ax) = v,(A) + v,(x) > —k and v,(B) > 0 (using
integrality of A, B). So v, (x> +Ax+ B) = —3k, but this also equals v,(y*) = 2v,(y) so is even,
hence k = 2r with r € Z positive and v,(x) = —2r, v,(y) = —3k/2 = —3r. Conversely if
v,(x) > 0 then v, (x> + Ax+B) > 050 v, (y) > 0. [ |

Main idea: If P = (x,y) is not p-integral (so v,(x) = —2k and v,,(y) = —3k for some k > 1),
then 2P,3P,4P,... have denominators more and more highly divisible by p.

Let us make this observation rigorous. Fix a prime p, and for each k > 1 define a subset of E(Q)
by

Ep:={P=(x,y) €E(Q) :vp(x) < =2k, v,(y) < =3k} U{0}.
Then P € E; if and only if p** divides the denominator of xp. Therefore,
E(Q) DEIDE DD {0}

The sequence (Ey )y is called a (decreasing) p-adic filtration on E(Q).

We will show that Ey; has finite index in E; (for all £ > 1), where the index is a power of p,
and E; has no elements of finite order except 0.

In order to work with positive valuations, keeping the notations as above, we will introduce new
coordinates as follows. By dividing the defining equation of E through by Y3, we get

S ORIGIOROE

Y Y Y Y Y

Setting U =X /Y and V = 1/Y, we get the curve
E:V=U>+AUV?+BV’.

We can express this change of coordinates projectively as

(X,Y)w[X:Y:l]:[i:l:;}:[U:I:V].

For P = (x,y) € E(Q), we will denote the image of P under the change of coordinates by

p= (’“ 1) = (u,v) € E(Q).

y'y
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We see that
E(@Q)>0+— (0,0)=0 € E(Q)
P=(x,y) +— (u,v) =P
—P = (x,—y) +— (—u,—v) = —P.

The points of order 2 on E become point of infinite order on £. Under this change of variables
(which is a projective transformation), there is a correspondence

Ep < Ex:={P € E(Q) : ordy(u) > k,ord,(v) > 3k},

where (E}) is now an increasing filtration.

Lemma 9.3.2 Let B = (u;,v;) € Ex(Q) fori= 1,2, where k > 1. Set
By =P+ P = (u3,v3).
Then, we have u3 = u; + uz(mod p°*) (equivalently v, (u; +us — u3) > 5k).
Proof. We have

vi = u} +Aupvi + Bv3
V) = u% +Au2v% +Bv3,
which gives
Vi — v = u; — 13 +A(uv? —upv3) +B(v —v3)
=} — 13+ Al(uv? — upv3) + (uvs — upv3)] +B(vi —v3)
= (uy — o) (3 + uyuy +1u3) + Av3 (1) — uz) +Au (v —v3)
+B(V1 - Vz)(v% +vivy + V%)
= (u — uz)(u% +ujuy —|—u%) —|—Av%(u1 —up) +Auy (v —v2)(vi +v2)
+B(vi —v2) (VT Fviva +v3).

From this, we obtain

(vi =v2) [1 = Auy (vi +v2) = B0 +viva+v3)] = (1 — u2) [uf +urur + u3 +Av3] .
We rewrite this as

(vi —w2)or = (1 —u2)B,
where

o =1—Au; (v +v2) — B3 +vivy +v3)
B = u? +uyuy + 13+ Av3.

We observe that, since v, (u1),v,(u2) > k and v, (v1),v,(v2) > 3k, we have
o a=1-Au(vi+v2) —B(v}+viv2+v3) = 1(mod p*), so v,(a) =0 and & # 0.

o B=u}+uur+uj+Av3sov,(B)>2k.
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If u; = uo then v| = v, since o # 0. In this case, P, = P>. So, the line P, P, has slope
v _Boif B LB

Uy —uy o

3ud+Av?
1-2Auyvq 7SBV%

it p=nP
where in the second case, we use implicit differentiation on E : V = U3 +AUV? + BV? to get
dV =3U%dU + AV*dU +2AUVdV +3BV?dV,

and
(1—24UV —3BV?)dV = (3U? 4 AV?)dU.

Now, v,,(m) > 2k (in both cases). The equation of the line P P, is V = mU + ¢, where
c=vi—mu; = v,(c) > 3k.
This line intersects £ where
mU +c¢ = U 4+ AU (mU + ¢)* + B(mU +¢)?,
with roots uy,uy, —u3. By expanding this equality and rearranging it terms, we see that
(14+Am? + Bm*)U? + (2Amc 4 3Bm*c)U? + lower terms = 0.

Hence

2Amc + 3Bm*c

u1+u2_u3:_1+Am2+Bm3’

and
vp(ul +uy —u3) > Sk.

Corollary 9.3.3 For every k > 1, there is an injective group homomorphism
Ei/Esy — Z/p™Z
(x,y) = p"‘g (mod p*).
Hence E; has finite index (a power of p) in E].

We can now derive the following important theorem on torsion points.

Theorem 9.3.4 — Lutz-Nagell. Let E be an elliptic curve defined over Q by an integral
short Weierstrass equation
Y?=X’+AX+B.

If P = (x,y) € E(Q) has finite order, then
1. the coordinates x,y € Z, and

2. either y =0 or y* | A (where A = —4A3 — 27B).
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Proof. Suppose that P has order n > 2. If x ¢ 7Z then, there exists prime p such that ord,(x) =
vp(x) < 0, which implies that ord, (x) = v, (x) = —2k for some k > 1. So, in the p-adic filtration

E(Q)DE, DE; D---D{0},
we have P € E; \ Ex11. This means that v, (u) = k, where P = (u,v).
Case 1: p {n. Then, we have

nP=0=nP=0=(0,0) = u(nP) =0.
By Lemma 9.3.2, this means that
0 = u(nP) = n-u(P)(mod p°*) = nu(mod p°*),

which implies that v,,(nu) > 5k. But, we have

vp(nu) =vy,(n)+v,(u) = 0+k,
so k > 5k, which is a contradiction.

Case 2: p | n. We replace P by the point Q = (n/p)P, which has order p. As before, we have
that
vp(pu) = 1+k > 5k,

which is again a contradiction. This proves (1).
To prove (2), assume that P = (x,y), with x,y € Z, has finite order n. If n =2 then y = 0.
Otherwise n > 3 and 2P # 0. Now 2P also has finite order, so has integral coordinates by (1).

This implies that
(x* —A)? — 8Bx

hence y? | (x* —A)? — 8Bx. But we also know that y? | x* +Ax+ B. A straightforward calculation
shows that

A= —(4A% 4 27B%) = —(3x*> +4A)((x* — A)* — 8Bx) + (3x> — 5Ax — 27B) (x> + Ax + B).

€z,

Therefore, y? | A. [ |
I Corollary 9.3.5 The torsion subgroup E(Q)ors is finite.

Example 9.3.5.1 (a) Let E be the curve given by Y2 = X3 +4, with A= —27(4)> = —3(12)2.
If P = (x,y) has finite order then, eithery =0or |y| | 12,i.e. y € {0,£1,£2,+3,+4,4+6,+12}.

yl [0 1 2 3 4 6 12
v |0 1 4 9 16 36 144
y'—4| -4 -3 0 5 12 32 140
x - - 0 - - - -

So the only two possibilities are P = (0,2) or —P = (0, —2). In fact, 2P = —P so P has
order 3 (the line y = 2 intersects E at P with multiplicity 3, so P+ P+ P =0).

(b) Let E be given by Y2 = X +8, with A = —27-8% = —3(24)%. Then if P = (x,y) has
finite order then either y = 0 or |y| | 24. For y = 0, one gets T = (—2,0) which has order
2. For y = 3, we obtain the point P = (1,3). Since 2P = (—7/4,—13/8) is not integral,
it must have infinite order. Therefore P also has infinite order. The value y = 4 yields
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the point Q = (2,4), which also has infinite order since 2Q = (—7/4,13/8) = —2P. In
particular P+ Q0 =T.

Reduction mod p

Let E /Q be an elliptic curve given by an integral equation ¥? = X3 +AX + B. If the discriminant
of E has lots of prime factors, determining the Q-torsion using only the Lutz-Nagell Theorem
can be time-consuming: for each candidate y we need to solve a cubic equation. An alternative
is the reduction modulo primes as we will see in this section.

Lemma 9.4.1 Let E : Y?> = X? + AX + B, with A, B € Z, be an elliptic curve given by an
integral equation, and let p { 2A. Let r), : E(Q) — E(F,) be the reduction map, and let
P = (x,y) € E(Q). Then r,(P) = 0 if and only if P € E;.

Proof. By Proposition 9.3.1, we can write

P=lx:y:1]= L“z:;:l} =[ac:b: ¢,

with a,b,c € Z, ¢ > 0 and ged(a, c) = ged(b,c) = 1. (Note that the integers ac, b, ¢* are coprime.)

Then, we see that

So
PeE & plceP=[0:5:01=[0:1:0].
|

Theorem 9.4.2 Let E /Q be an elliptic curve given by an integral equation Y? = X3 + AX + B,
and p a prime of good reduction for E (p t 2A). Then the map

rp E(Q) = E(F,)
P— P

is a group homomorphism whose kernel is E:

E;:={P=(x,y) €EQ):v,(x) < =2, v,(y) < =3} U{0}.

Proof. We know that r,, is well-defined and that P = 0 < P € E;. So we only have to prove that
rp is a group homomorphism.

Suppose that L : aX + bY +cZ = 0 is line in P?(Q) which intersects E(Q) in three points
Py, P>, P; so that P; + P> + P; = 0. We need to show that L reduces to a line L in Pz(IE‘p) which
intersects E(FF,) in Py, Py, P; with the correct multiplicity; so that Py + P, + P; = 0.

Without loss of generality, we can assume a,b, ¢ € Z with ged(a,b,c) = 1. Then, L reduces to
the line L: aX +bY +¢éZ=0.Let P=[x:y:z] € P*(Q) be on L. Again, we can assume that
x,y,z € Z and ged(x,y,z) = 1. Then, we see that P = [¥: 7 : 7] € L since ax+ by + ¢z = 0. This
shows that P, Py, P; € E(F,) NL(F)).

To finish the proof, we only need to show that these are the only points in E(F,) NL(FF,). By
Bezout’s Theorem, it is enough to show that E does not contain the line L altogether. We can
show that the Weierstrass cubic ZY? = X + AXZ? 4 BZ? is always irreducible, i.e. never contains
a line (even when it is singular). |
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Theorem 9.4.3 — Reduction Theorem. Let p > 3 be a prime of good reduction for an
elliptic curve E over QQ given by an integral short Weierstrass equation. Then, the reduction
mod p map r, is injective on the torsion subgroup, i.e.

ker(rp) ﬂE(Q)tors = {0}

Proof. By Theorem 9.4.2, ker(r),) = E. Therefore, if P € ker(r,,) then P is not integral. So by
the Lutz-Nagell Theorem, P has infinite order. |

By the above proposition, if we restrict r,, to E(Q)ors, We get an injective group homomorphism
rp: E(Q)ors — E(F,).
By Lagrange Theorem then

Corollary 9.4.4 Let p > 3 be a prime of good reduction for an elliptic curve E over QQ given
by an integral short Weierstrass equation. Then,

#E(Q)ors | #E(F ).

prime p > 5. Reducing mod 5, we get the curve E : Y2 = X3 — 1.

X 0 -1 2 =2

1

x 0 I -1 -2 2
x—1/-1 0 =2 2 1
0

y |+£2 0 - — %I

So, we have
E(Fs) =1{0,(1,0),(0,42),(—2,+1)}.

This gives #E(Fs) = 6, and implies that #£(Q)rs = 1,2,3 or 6. Looking at E(Q), we find
that it has no point of order 2. But the point P = (0,2) has order 3 (the line Y = 2 intersects
E at P only). So E(Q)ors is a group of order 3 generated by P.

Example 9.4.4.2 Let E : Y2 = X3 48, with A = —27 -8, it has good reduction at all prime
p > 5. The point T = (—2,0) is a 2-torsion point on E. For the prime p = 5, we find

ES(IFS) = {07 (17i2)7(27:‘:1)7 (_270)}'

So #E5(FF5) = 6 and #E(Q)ors | 6. Since #E(Q)ors is @ multiple of 2, it must be 2 or 6.
Looking at other primes, we find #E7(F7) = #E1(FF1;) = 12. However, for p = 13, we get
#E13(F13) = 16. This implies that E(Q)ors = (T') has order 2.

Example 9.4.4.3 Let E be the curve given by Y2 = X3 4 18X +72. It hast discriminant
A = —4(18)% —27(72)? = —163296 = —2° - 33.7. Using Lutz-Nagell’s Theorem to look for
torsion points would require us to check 25 values of y. Instead, we use reduction mod 5 and

| Example 9.4.4.1 Let E : Y2 = X3 +4, with A = —432. Then E has good reduction at any
| 11. This gives #E5(FF5) = 5 and #E 1, (F1;) = 8, which implies that E(Q)rs = {0}.
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Let E be an elliptic curve over Q. The torsion subgroup can be easily computed thanks to the
following result, combined with the Lutz-Nagell Theorem and the Reduction Theorem,

Theorem 9.4.5 — Mazur. Let E be an elliptic curve over Q, then

C,(n=1,...,100rn = 12)

E(Q)tors =
Cy X Cap (n=1,2,3,4).
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The Mordell-Weil Theorem

10. The Mordell-Weil Theorem

Let E be an elliptic curve over Q, we will show that E(Q) is finitely generated. We will proceed
in two steps:

Step 1: We will prove that £(Q)/2E(Q) is finite: Weak Mordell-Weil Theorem.

Step 2: We use the theory of heights of rational points to deduce the Mordell-Weil Theorem
which asserts that £(Q) is finitely generated.

This strategy goes back to Fermat, and is often called the 2-descent method. To illustrate this
elegant and power method, consider the congruence number curve E : Y2 = X3 — X. Our proof
of the Weak Mordell-Weil Theorem will show that there is a canonical isomorphism

E(Q)[2] ~ E(Q)/2E(Q),

where E(Q)[2] = {0,(0,0),(£1,0)} is the subgroup of the 2-torsion containing only points
whose coordinates are rational. Consequently, given P € E(Q), there exists a point 7 € E(Q)[2]
and Py € E(Q) such that P— T} = 2P;. By repeating this argument, there exist 7, € E(Q)[2] and
P, € E(Q) such that P, — T, = 2P, and T3 € E(Q)[2], P; € E(Q) such that P, — T3 = 2P3, etc.
We will use the notion of heights to show that the sequence P, P;, P>, P3, ... terminates; hence that
E(Q) is finitely generated.

We will develop the theory of heights, and use it to prove Step 2. We will do this in complete
generality. However, we will only prove Step 1 for a curve E/Q with a 2-forsion point, i.e. of
the form

E:Y>=(X—e)(X*+aX +b)

with e,a,b € Z. In fact, with the appropriate change of coordinates we move the 2-torsion point
to (0,0), and so we will assume that E is given by the equation

E:Y?=X(X>+AX +B), (%)

with A, B € Z and discriminant A = B?(A? — 4B) # 0.
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Heights
Let n > 1 be an integer, and P € P"(Q). Then we can choose representatives for the projective
coordinates of P such that P = [ag : --- : a,] for a, ...,a, € Z with gcd(ao,...,a,) = 1. This

representation is unique up to a sign. We define the height of P by

H(P) := max{|ao|,...,|an|}.

I Lemma 10.1.1 For all ¢ > 0, the set {P € P"(Q) : H(x) < c} is finite.

Proof. Choose a representative for P € P"(Q) such that P = [ag : --- : a,] for ag, ...,a, € Z
with ged(ao, .. .,a,) = 1, for every positive ¢, we have that g; is an integer with absolute value
bounded by c in the set considered. Therefore the cardinality of the set {P € P"(Q) : H(x) < ¢}
is bounded by (2(c+1))"*+!. [ |

We recall that, there is an injection
Q — PY(Q), x =[x 1],
s0, identifying Q with its image under this map and, we define a height function on Q by
H(x):=H([x:1]) x€Q.
Equivalently, we can define the height of a rational number x by
H(x) = max{|al,|b|}, where x = g, and gecd(a,b) = 1.

In particular, we have H(0) = 1, and it follows that

H(x)=H(—x) VxeQ
H(x)=H(1/x) VxeQ*.
Moreover, for all ¢ > 0, the set {x € Q : H(x) < c} is finite: this follows from Lemma 10.1.1.

The results that we are now going to present allow us to estimate the height of the image of a
point under a map given by homogeneous polynomials. We will need them in order to understand
the growth of the height function of an elliptic curve.

Let f(x), g(x) € Q[x] be polynomials of degree m and n respectively, and let R , be their resultant.
In Chapter 2, Lemma 2.2.1 and Theorem 2.2.2 we showed that

(i) There exist polynomials u(x),v(x) € Q[x] of degree < n— 1 and m — 1 respectively, such
that v +ug = Ry ,, and that

(i1) f and g have a common factor which is non-constant if and only if Ry, = 0.

Lemma 10.1.2 Let F(X,Y),G(X,Y) € Q[X,Y] be two homogeneous polynomials of degree
m and n respectively. Let f1,g1 (resp. f2,g2) be the dehomogenisation of F, G with respect to
X (resp. Y). Then Ry, o, = Ry, o,. We call this quantity the resultant of F' and G.

Proof. This follows from the definition, see Chapter 2. |
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Lemma 10.1.3 Let F(X,Y),G(X,Y) € Q[X,Y] be two homogeneous polynomials of the
same degree m. Let R be the resultant of " and G. Let

D(F,G):=P'(Q)\{P: F(P) = G(P) = 0}.
(i) The map

¢ : D(F,G) — P(Q)
P [F(P):G(P)]

is well-defined.
(i) There exists C > 0 such that

H(¢(P)) < CH(P)",VP € D(F,G).

(iii) Assume that R # 0. Then, D(F,G) = P'(Q), and there exists C’' > 0 such that
H(¢(P)) > C'H(P)",VP € P'(Q).

Proof. (i) We excluded all P € P!(Q) such that F(P) = G(P) = 0. Since both F and G are
homogeneous of the same degree, we see that ¢ (P) is well-defined for all P € D(F,G).
(i) Without loss of generality, we can assume that F, G € Z[X,Y]. Then, we can write

m m
FX,Y)=) XY™ GX,Y)=Y XY™, withc¢;,c; € Z.
i=0 i=0

Let P = [a: b] € P1(Q), with a,b € Z and gcd(a,b) = 1. Then, we have

|F(a,0)] <} lcillal'|p|" " < (Z \Ci\) max{|al, [b[}" = C1H(P)".
i=0 i=0

Similarly, letting C; = Y7 | c}|, we see that
G(a,b)| < CH(P)".
The constant C = max{C},C,} clearly depends on F and G only, and we see that
H(¢(P)) = max{|F(a,b)|,|G(a,b)|} < CH(P)".

(iii) Since R # 0, both F and G never vanish at the same point; so D(F,G) = P!(Q). Then, by
Lemma 10.1.2, we can write

Vi(X,Y)F(X,Y)+ U (X,Y)G(X,Y) :szm_lv
Va(X,Y)F(X,Y)+Us(X,Y)G(X,Y) = RY*" 1,

where the U;,V; € Z[X,Y] are homogeneous polynomials of degree m — 1. By evaluating this at
P =a: D], where a,b € Z and gcd(a,b) = 1, we see that

Vi(a,b)F (a,b) +Ui(a,b)G(a,b) = Ra®" !,
Va(a,b)F(a,b) +Uy(a,b)G(a,b) = Rb*"".



94 Chapter 10. The Mordell-Weil Theorem

Letd = gcd(F(a,b),G(a,b)), thend | R. Writing ¢ (P) = [a’ : b'], where d’, b’ € Z and ged(d’, ') =
1, we see that

R
Vi(a,b)d' +U,(a,b)b' = Easzl,

R
Va(a,b)d +Us(a,b)b' = Ebzfn—l.

From Part (ii), we know that there exists C; > 0 such that
|Ui(a,b)], |Vila,b)| < CiH(P)"~".
This implies that

2C1H(P)"'H(¢(P)) > Bnnax{|a\2’"*1, = |IZ|

> H(P)mel.
|d|

Dividing through by 2C1H(P)™!, we get

Rl pipy > Lpipyn

H(O(P) = > 5c

= 2d|C,

So we can take C' = % [ |

Lemma 10.1.4 Let P, = [a; : b;] € P(Q), i=1,2. Then Ps = [b1b; : ajby +asb; : ajay] is a
point in P?(Q), and we have

%H(Pl)H(PZ) < H(P;) <2H(P)H(P,).

Proof. We can assume that a;, b; € Z with ged(a;,b;) = 1. Then, it follows that gcd(b1by,a1b; +
arbi,ajay) = 1, so Ps is a well-defined point in P?(Q). By making use of the triangle inequality,
we get

H(P;) <2H(P)H(P,).

To prove the second inequality, we need to show that
H(P)H(P,) <2H(P;),

which is the same as

max{|a|,|bi|}-max{|az|,|b2|} < 2max{|b1bs|,|a1bs+ arb1]|,|a1az|}.
Equivalently, we need to show that

laiaz|, |aibs|,|aabi|,|b1b2| < 2max{|b1bs|,|a1bs + a2bi],|a1az|}.
In fact, we only need to prove that

la1ba|, |axbi| < 2max{|b1by|,|a1bs + azby |, |a1az]|}.
By symmetry, it is enough to show that

la1bz| < 2max{|bbs|,|a1by + azxbi|,|aiaz|}.
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There is nothing to prove if a;b, = 0; or either 2|b1by| > |aiby| or 2|ajaz| > |a1ba|. So we
assume that @b, # 0, and that 2|byb,|,2|a1az| < |a;bs|. In this case, we have |b;| < 1|a;| and
|az| < 1|b>|. Then, by making use of the triangle inequality, we get

la1ba| = |a1by + azby — axby| < |aiby + asbi| + |azby| < |a1by +azby |+ %|a1b2\~
This implies that
3
Z|a1b2\ <l|aiby +axb)| = |a1b2| < 2|la1by + azby|.
This proves the second inequality. |

10.2 Heights on elliptic curves

We now introduce the notion of heights on elliptic curves.

Definition 10.1 Let x € Q, we define the logarithmic height of x by

h(x) :=logH (x).

Definition 10.2 Let E be an elliptic curve over Q. We define the height function on E by
logH(x), ifP=(x,)#0,
h: E(Q) =R, h(P):=
0, if P = 0(c0).

The height function on E is usually called / the naive height.

I Lemma 10.2.1 For all ¢ > 0 the set {P € E(Q) : h(P) < c} is finite.
Proof. Considering the projective equation of E, it is clear that any P = (x,y) € E(Q) can be

seen as a point in P?(Q), then the result follows from Lemma 10.1.1. ]

Lemma 10.2.2 — Approximate Parallelogram Law. There exists ¢; > 0 depending on E
only such that, for all P,Q € E(Q), we have

[h(P+Q) +h(P— Q) — 2h(P) — 2h(Q)| < c1.
This is a consequence of the following two lemmas.
Lemma 10.2.3 There exists ¢, > 0 such that, for all P,Q € E(Q),

h(P+ Q) +h(P— Q) < 2h(P) +2h(Q) + c.
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Lemma 10.2.4 There exists ¢z > 0 such that, for all P € E(Q),
4h(P) < h(2P) +c3.
Proof of Approximate Parallelogram Law. By Lemma 10.2.4, we have
4h(P) +4h(Q) < h(2P) +h(2Q) + 2c;.
Applying Lemma 10.2.3 to the pair (P + Q,P — Q) we see that
h(2P)+h(2Q) <2h(P+ Q) +2h(P— Q) +c2,
hence
4h(P) +4h(Q) < 2h(P+ Q) +2h(P— Q) + (2c3 +¢2),
which implies that
2h(P)+2h(Q) < h(P+Q)+h(P— Q)+,
where ¢/ = ¢3+ ¢;/2. This gives the Approximate Parallelogram Law with
c1 = max{cy,c3+c2/2}.
|

Proof of Lemma 10.2.3. Without loss of generality, we can assume that E is given by Y2 =
X3 +AX + B, with A, B € Z. We write

aj
by’

a a
x3=x(P+Q) = i, xy=x(P—Q) = ﬁ,

x; =x(P) =
where a;,b; € Z and ged(a;,b;) = 1. Let H; = H(x;) and h; = h(x;). We need to show that
h3 +hy < 2hy +2hy +co.

By making use of Equation 6.5, that is a relation we have computed proving the parallelogram
law for degrees, we have

[1 234 x4 @ x3x4] = [(x1 —x2)2 :2(x1x2 +A)(x1 +x2) +4B : (x1x2 —A)2 —4B(x1 +x2)].
By homogenisation, this gives

[b3by : azbs + asbs : azas] = [d; : dy : d3],
where

dy = (a1by — azby)?,
dr = 2(ajay +Abiby)(a1by + axby) + 4Bb3b3,
dy = (a1a2 —Ab1b2)2 —4B(a1b2 +a2b1)b1b2.

By Lemma 10.1.4, we have

H;Hy < 2max{|b3b4|, ]a3b4 +a4b3|, |a3a4|} < 2max{|d1 |, |d2|, ‘d3‘}
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The same argument as in the proof of Lemma 10.1.3 (ii) shows that there is a constant C > 0
such that

max{|d1|,|d2|,|d3|} < CH}H3.
Hence
H3H, < 2CH{Hj.

Taking logarithms, we obtain
h3 +hy < 2hy +2hy + ¢,

where ¢, = log(2C). [ |
We now turn to the proof of Lemma 10.2.4.

Proof of Lemma 10.2.4. The duplication formula gives that

x* —2Ax? —8Bx+A% _ f(x)
4(x*+Ax+B)  gx)’

Assume that x = a/b in lowest terms, then we can write

vop) F@/®) _ Flab)

gla/b)  G(a,b)’

x(2P) =

where

F(X,Y)=X*—24X%Y? —8BXY3 + A%y,

G(X,Y) =4(X’Y +AXY? + Br%).
Now, let u(x) = —(3x> +4A) and v(x) = (3x> — 5Ax — 27B). In Chapter 8, in the proof of the
Lutz-Nagell Theorem, we showed that vf +ug = A # 0. So the resultant Ry , = A is non-zero.
We apply Lemma 10.1.3 (iii) to the polynomials F and G, with m = 4. So there exists a constant

C3 > 0 such that
H(P)* < C3H(2P).

Taking logarithms then yields the desired inequalities. |

We will replace the height function / by a function & which has slightly better properties, in
particular the parallelogram law holds.

Definition 10.3 Let E be an elliptic curve over Q. The canonical height on E(Q) is defined
by

h:E(Q) = Rxg

n—oo

N 1
h(P) := lim ﬂh(2”P).

Theorem 10.2.5 — Properties of the canonical height. Let E be an elliptic curve defined
over Q. Let & be the canonical height on E(Q). Then, we have

1. his well-defined and /(P) > 0 for all P € E(Q).

2. There exists a constant ¢y > 0 such that

VP € E(Q), |h(P) - h(P)| < co.
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3. Ve >0, the set {P € E(Q) : A(P) < ¢} is finite.
4. Ym>1,YP € E(Q), h(mP) = m*h(P).

N

5. Parallelogram Law: YP,Q € E(Q), h(P+ Q) + (P — Q) = 2h(P) + 2h(Q).

6. h(P) =0 <= P has finite order.

Isogenies and descent

In this section, we gather several results that will be needed for the proof of the main theorem of
this chapter. Let K be a field, not necessarily Q.

Isogenies

Definition 10.4 Let £, and E, be elliptic curves defined over a field K. An isogeny ¢
between E; and E; is a rational map ¢ : E;(K) — E>(K) that induces a group homomorphism

from E|(K) to E»(K). Two elliptic curves are called isogenous if there is a non-constant
isogeny between them.

A rational map between elliptic curves induces a group homomorphism if and only if it preserves
the identity element:

Theorem 10.3.1 Let E; and E; be elliptic curves defined over a field K. Let ¢ : E|(K) —
E>(K) be a map given by rationals functions. Then ¢ is an isogeny if and only if ¢ (0) = 0.

Let E| and E; be elliptic curves defined over a field K, let a, 8 € Hom(E, E>), the set of group
homomorphism between E|(K) and E,(K). Point-wise addition (& + 8)(P) = a(P) + B(P)
makes the set Hom(E, E;) of isogenies from E; to E, into an additive abelian group. The map
that sends every point on E1(K) to the point 0 on E(K) is the zero isogeny. The zero isogeny is
the identity element of this group. Composition of isogenies is possible only if the target of the

first isogeny is equal to the starting elliptic curve for the other.

To complete our definition of isogeny we need to say exactly what we mean by a rational map.
To do this we first introduce the function field of a curve, a concept that plays a key role in the
general theory of algebraic curves. As this is an introductory course on elliptic curves, we will
make only very limited use of function fields, just to have a more precise definition.

Definition 10.5 Let % be a projective curve defined over K by an irreducible homogeneous
polynomial f(x,y,z). The function field of ¢ consists of rational functions g /A such that the
following hold:

1. g and h are homogeneous elements of K[x,y, z] of the same degree.
2. hdoes not lie in the ideal (f) (i.. & is not constantly zero in ¢ (K)).
3. the functions g; /h; and g, /h; are considered equivalent whenever gihy, — g2k € (f).

The function field of ¢ is denoted K(%’). The fact that f is irreducible and K[x,y,z] is a
unique factorization domain (so every irreducible element is prime) makes it clear that K (%)
is, in fact, a field. The field K(¢) is defined analogously, with g,/ € K[x,y,z].

Alternatively, if C is a plane curve defined over K by a polynomial equation f(x,y) = 0, one can
define K(C) as the fraction field of the ring K[x,y]/(f).
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Definition 10.6 Let 4] and %> be projective curves defined over a field K. A rational
map ¢ : ) — ¢, is given by ¢y : ¢y : ¢.], with ¢, ¢y, 9. € K(€1), such that for every point
P € 61(K) where ¢y, ¢y, and ¢, are all defined, the point [¢,(P) : ¢y (P) : ¢.(P)] lies in €>(K).

Note that ¢ = [y : ¢y : ¢,] is defined only up to scalar equivalence. There may be points
P € 61 (K) where one of ¢, ¢, and ¢, is not defined, but in this case it may still be possible to
evaluate the map ¢ at P after rescaling by an element of K(%}).

All the definition given in Chapter 5 (degree, separable degree, inseparable degree, etc.) can
be extended to isogenies: in particular, endomorphism are isogenies between the same elliptic
curve.

Non constant isogenies are surjective (note that we are considering maps between K-rational
points of elliptic curves, if we do not work on the algebraic closure this is no longer true).

Let us remark that isomorphisms are isogenies: they are isogenies of degree one. It is possible
to show that in any characteristic, an isomorphism 7 between two elliptic curves E; and E; is a

map 7 : E|(K) — E»(K) of the form
T(x,y) = (ax+b,cy+dx+e)

for all (x,y) € E1(K) with a,b,c,d,e € K, which is invertible, hence a,c # 0. In particular, if the
elliptic curves are given by short Weierstrass equations, then an isomorphism is given exactly in
the way described in Chapter 3.

An isogeny of degree n is usually called an n-isogeny. For the purposes of this course we will be
mostly interested in 2-isogenies and in the next section we will see an example.

2-isogenies and the descent map
We will assume that char(K) # 2, where K is our base field.

Lemma 10.3.2 Let E be a curve of the form (x). Let E’ : Y?> = X(X?>+A'X + B'), where
A’ = —2A and B’ = A> — 4B. Then, E' is an elliptic curve, and the map ¢ : E — E’ given by

(2 — .
(5.2452) if P=(x)#0,(0,0)
9(P) =
0 if P=00r(0,0),

is a 2-isogeny.

Proof. We want to show that ¢ is well defined. First, let P = (x,y) € E(K) \ {0,(0,0)}, and
write Q = ¢(P) = (¥',y). We need to show that Q € E'(K). But, we see that
2
B
<x + ) —4B| .
x

20,2 2 2 (.4 2 2 2 2

—B —2Bx*+B B
y,z_yi(x ) y_(x a ) Y (x2—2B—|—2> =x

X

x4 x2 X2 x2

By observing that

> 2 2 2 2
Ax+B B
X X X

we obtain that y'* = ¥/ (W —A)2—4B] =X (' 2 _2Ax + (A2 —4B)). It remains to show that ¢
is a group homomorphism. We can do this by tedious computations. However, since ¢ is given
by rational functions and ¢ (0) = 0, we can use Theorem 10.3.1. ]
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Lemma 10.3.3 Let E be a curve of the form (*), and E’ as in Lemma 10.3.2. Then, there
exists a homomorphism y : E/ — E such that yo ¢ = [2]g and ¢ o y = [2]/; i.e. such that
the following diagram commutes:

-t F

[Z]E/
[ﬂkA jw

E——FE'

Proof. By applying Lemma 10.3.2 to E’, we get the curve E” : Y2 = X (X% +4AX + 16B), and a
homomorphism ' : E' — E”. The curve E” is isomorphic to E, it is a twist by 1/2: the change
of coordinates (x,y) — (x/4,y/8) gives the isomorphism. By composing these morphisms, we
get the map v : E’ — E given by

Y2 YWP-B)\ / r
(£ 26520) it P = () £0,0,0)

y(P):=
0 if P'=00r(0,0).
For P = (x,y) € E(K), let Q = (xg,y0) = w(¢(P)). Then, by definition, we have
B y 1 x2 2 B (x2 —B)2
= ="
(3 2+2Ax+B B)> (32 +24x+B\’
= %
<3 +2Ax+B>2 — (3x% +2Ax + B)?
= + i
4y

B <3x +2Ax+13>2 (2x+A)x(:x> + Ax + B)
- 2

y

3x24+2Ax+B
:(x—#—2x+> —A—2x.
y

This is precisely the x-coordinate of the point 2P. Therefore, we must have y(¢(P)) = 2P or
y(¢(P)) = —2P. Replacing y by — v, if necessary, we see that yo ¢ = [2]g.

To show that ¢ o y = [2]g:, we first observe that ¢ and y are surjective on K-points by construc-
tion. Now, from definitions, it follows that

(poy)op=9o(yod)=¢o2lr=[2pc9.
Forgetting the intermediate equalities, this means that
(9oy)od=[2fpod.

Since ¢ is surjective, we conclude that ¢ o y = [2]p. |

R ) The result described in the previous lemma generalize: to any isogeny ¢ between two
elliptic curves E| and E; it is possible to associate a dual isogeny ¢ : E; — E|, which is
an isogeny of the same degree as ¢ such that ¢ o ¢ = [deg(¢)], and ¢ o ¢ = [deg(9)]E,
In the previous lemma v = ¢.
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Lemma 10.3.4 Let E, E', ¢ and y be as in Lemma 10.3.3; also, let Q = (¥,)’) € E'(K).
Then, Q € ¢(E(K)) if and only if X' = 0 and B’ is a square in K*, or X’ is a square in K*.

Proof. 1t is clear that, if P = (x,y) € E(K) and Q = ¢(P) = (x',)), then ¥’ is a square in K.
Conversely, assume that Q = (x,y’) € E/(K) and that x" is a square in K*. We recall that
¢ : E(K) — E'(K) is surjective. So, there exists P = (x,y) € E(K) such that ¢(P) = Q, and we
only need to show that P € E(K). We recall that y* = x(x> + Ax + B), and write

. y(x*—B) y x> —B
x

y = 5 = X s
x x
, x¥*+Ax+B x*-B 2B
X = = +A+—.
x X x

Since X’ is a square in K* and y' € K, we see that y/x, (x> — B) /x € K, and hence x,y € K. (We
leave the case X’ = 0 as an exercise.) |

Proposition 10.3.5 — The 2-descent map. Let E be an elliptic curves over K given by
Y?=X(X?>+AX +B). Let § : E(K) — K* /(K*)? be defined by

(K*)? ifP=0,
8(P):={ B(K*)?> ifP=(0,0),

x(K*)?  if P=(x,y) # (0,0).
Then, we have:
(i) O is a group homomorphism.
(ii) ker(8) = y(E'(K)).

Proof. By definition §(0) = 1, so to show that § is a group homomorphism, we only need to
show that if P, + P, + P; = 0 then 5(P1)5(P2)5(P3) =1.

We first observe that, if all the P, = O then there is nothing to prove. Also, if one of the P; =0,
say Pj, then P, = —P3 and

S(P)S(P) =8(P)S(—P) =8(P)* =1,
since 6(P) = 8(—P), ¥V P € E(K), by definition. So we may assume that P, # 0, i = 1,2,3. In
that case, the P, = (x;,y;) are the intersections of E with a non-vertical line L : Y = mX + c.
Case 1: None of the P, is equal to 7 = (0,0). Then, we have
F(X)—(mX +c)* = (X —x1)(X —x2)(X —x3).
Substituting X = 0 gives f£(0) = 0, hence xjxpx3 = ¢?
8(P1)6(P)6(Ps) = L.

Case 2: Exactly one of the P, equals T, say P = T. Then, x,,x3 are the roots of the polynomial
X?+(A—m*)X+B=0.Soxx3 =Band §(P;)5(P,)8(P;) = B*(K*)?> = 1.

is a non-zero square in K. This means that

Case 3: Two of the P, equal T, say P, = P, = T. In this case, we must have P; = 0. Hence,
O(P)6(P,)6(P3) = 1. This proves (i).
The second part of the proposition follows from Lemma 10.3.4. |
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R Since ker(8) = y(E'(K)), the First Isomorphism Theorem implies that the map & induces
an injection

E(K)/y(E'(K)) = K*/(K*)%,

which we will also denote by §.
We conclude this section with the following lemma which we will need shortly.

Lemma 10.3.6 Let ¢ : A — B and y : B — A be homomorphisms of abelian groups; and
define the maps

6:A/im(yogd)—A/im(y)
x+im(yo¢) — x+im(y),

and

n:B—A/im(yog)
x+— y(x)+im(yog).

Then, they induce an exact sequence
0 — B/(ker(y) +im(9)) & A/im(yo ) % A/im(y) — 0.
Hence, if A/im(y) and B/im(¢) are finite, so is A/im(y o ¢).

Proof. To show that the sequence is exact, we only need to show that im(n) = ker(0) and
ker(n) =ker(y)+1im(¢). Then by the First Isomorphism Theorem, we will have that 17 induces
an isomorphism

0" : B/(ker(y)+im(¢)) ~ ker(0).
But the equality Im(n) = ker(6) follows from the definition. So it remains to prove that
ker(n) = ker(y) +1im(¢). But, we see that

/

X €ker(n) <= nx)=y()+im(yo¢)=im(yo¢)
— y(X) =y(¢(x)) for some x €A <= y(x' — ¢(x)) = 0 for some x € A
¢ (x) € ker(y) for some x € A <= x" € ker(y) +im(¢).

This means that ker(n) = ker(y) +im(¢).
Finally, since im(¢) C ker(y) +im(¢), the canonical map B/im(¢) — B/(ker(y)+im(¢)) is
surjective. Therefore, if A/im(y) and B/im(¢) are finite, so is A/im(y o ¢). [ |

(a) We recall that, if ¢ : A — B is a homomorphism of abelian groups, the cokernel of ¢ is
defined by coker(¢) = B/im(¢). So, Lemma 10.3.6 also gives the exact sequence

coker(¢) LR coker(yo¢) LN coker(y) — 0.

(b) By the Second Isomorphism Theorem, we have

B B/im(¢) d ker(y) +im(¢) ker(y)

~

ker(y) +im(9)  (ker(y)+im(¢))/im(9) " im(¢) ker(y)nim(g)’
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The Weak Mordell-Weil Theorem
In this section, we prove the finiteness of the quotient £(Q)/2E(Q).
Let (Q*)? be the subgroup of all squares in Q*, and consider the quotient group

G:=Q"/(Q*)*.

Every coset is of the form x(Q*)?, where x is a non-zero squarefree integer.

Lemma 10.4.1 Let S be a finite set of primes, and set
Q(S,2) :={a(Q )2 eQ*/(Q ‘ a is squarefree and a prime p | a <= p € S}.

This is a finite subgroup of Q* /(Q*)? of cardinality 2°!, where s = #S.

Proof. We first observe that Q* /(Q*)? is a 2-group, i.e. every element a(Q*)? has order at
most 2 since

a(Q*)*a(Q*)* =a*(@")* = (@)
Let a(Q*)%,b(Q*)? € Q(S,2) be such that @ and b are squarefree and only divisible by primes
p € S. Then, a prime p |ab <= p € S, and so

(ab)~1(Q")? = ab(Q*)* € Q(S,2).
Hence Q(S,2) is a subgroup of Q* /(Q*)2. Since, we have
2) = {i(HpES’p)(QX)z ‘ A - S} )
it follows that #Q(S,2) = 25+1, [ |

Example 10.4.1.1 (a) For S =0, Q(S,2) = {+(Q*)*}.
(b) For $ = {2}, Q(S,2) = {£(Q*)%, +£2(Q*)*}.
(c) For S ={2,5}, Q(S,2) = {£(Q*)?,+2(Q*)?,+5(Q*)?, +10(Q*)?}.

The following result together with Lemma 10.3.6 will be the key ingredients in the proof of the
Weak Mordell-Weil Theorem.

Proposition 10.4.2 Let E be an elliptic curve over Q given by an integral equation
Y?=X(X?>+AX+B), A,Bc L.
Let S:= {pprime: p | B}. Then im(8) C Q(S,2); hence is finite.

Proof. Let p be a prime, and P = (x,y) € E(Q) withx # 0. If v,,(x) < 0, then v, (x) is even by
Proposition 9.3.1. This means that, if v,(x) is odd, then v,(x) > 0. We will show that v, (x) is
odd only if p | B, which will imply that 6 (P) belongs to Q(S,2).

Since E is integral, v, (x) > 0 implies that v, (x* + Ax+ B) > 0. Furthermore, from

x(x* +Ax+B) =y*
we see that v, (x) +v, (x> + Ax+ B) = 2v,(y) is even. Therefore, it follows that
vp(x)is odd <= v,(x* +Ax+B)is odd = v,(B) > 1.

Since §(0),6(0,0) € Q(S,2) by definition, this concludes the proof of the proposition. [ |



104 Chapter 10. The Mordell-Weil Theorem

The following result provides a method for computing im(8). We will need it when using the
Weak Mordell-Weil Theorem in practice, as we will see shortly.

Corollary 10.4.3 The image of § consists of the classes 5(Q*)? such that
(i) b| B is squarefree, and
(ii) the equation
bI* +AlPm* + (B/b)m* = n? (10.1)
has a solution (I,m,n) € Z3\ {(0,0,0)}.

(Note that 6(0,0) is given by the squarefree part of B.)

Proof. Let P = (x,y) € E(Q), with x # 0; and write x(Q*)? = b(Q*)?, where b € Z is square-
free. Then, by Proposition 10.4.2, it follows that b | B. By combining Proposition 9.3.1 and
Proposition 10.4.2, we can write
bl bln
F= (mz ma) /

where b,m,n,l € Z, m > 0 and gcd(b,m) = gecd(l,m) = ged(m,n) = 1. By substituting this
into (x) and clearing denominators, we get

b*°n?* = bI*(b*1* + AbI*m® 4+ Bm*) = b* I (bI* + APm® + (B/b)m™).
Note that bl #£ 0 since x # 0. So by simplifying the above equality, we obtain
n? = bl* +Al*m* + (B/b)m*.
So each triple (I,m,n), which solves (10.1), corresponds to a class in im(J) and vice versa. W
It is easy to show, using the corollary above that the following result holds:
Corollary 10.4.4 For b | B, define the quadratic form
Oy (r,s) = br* +Ars+ (B/b)s?, r,s € Z.

(a) Equation (10.1) has a non-zero solution if and only if

n2:Qb(V,S)
2=
m2:s

has a non-zero solution.
(b) The followings are equivalent:

(i) g(x) = x> +Ax+ B is positive definite, i.e. Q; (r,s) is positive definite.
(ii) Qp(r,s) is positive definite for all b > 0.

(c) When g is definite, Equation (10.1) has no non-zero solution for b < 0.
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Example 10.4.4.1 Let E : Y2 = X(X? — 1) be the congruence number curve for n = 1. Here,
S=0and Q(S,2) = {£1} (modulo squares). In this case, im(5) = Q(S,2).

The other curve is E' : Y2 = X(X? +4). Here, §' = {2} and Q(5,2) = {#1,£2} (modulo
squares). We must determine which b = —1,42 are in im(8’). Since X2 +4 is positive
definite (see Corollary 10.4.4), we only need to determine whether b =2 € im(8’). To this
end, we must solve the equation n> = 2/* +2m*. We see immediately that this has the solution

(17 172)' So im(al) = {(Qx)Z’z(Qx)Z}.

Example 10.4.4.2 Let E : Y? = X (X2 —25) be the congruence number curve for n = 5. Then,
Lemma 10.3.2 gives E’ : Y2 = X (X? +100). For the curve E, S = {5} and Q(S,2) = {#1,£5}
(modulo squares). By definition §(0,0) = —1. So, we only need to consider b = £5. In fact,
one of them suffices! For b = —5, we get the equation

n* = =514+ 5m*,

which has the solution (1,1,0). So im(8) = Q(S,2).
For the curve is E', §' = {2,5} and Q(5',2) = {#1,42,+5,+10} (modulo squares). Since
8'(0,0) = 1 and X2 + 100 is definite, we only need to consider b = 2,5 which lead to

(i) n? =21*+50m*;
(i) n?=51*+20m".
We see that (i) is impossible modulo 5, while (ii) has the solution (1,1,5). So im(6") = {1,5}.

We can now prove the main theorem of this section.

Theorem 10.4.5 — Weak Mordell-Weil Theorem. Let E be an elliptic curve over QQ as in (x).
Then, E(Q)/2E(Q) is finite.

Proof. By Proposition 10.3.5 and the remark we made right after it, we have two injections
6: E(Q)/y(E'(Q) = Q(S,2) and §": E'(Q)/9(E(Q)) = Q(S',2)

whose images are finite by Proposition 10.4.2. By applying Lemma 10.3.6 with A = E(Q) and
B=E'(Q), we see that E(Q)/2E(Q) is finite. [ |

Rr) Infact, Lemma 10.3.6 implies that
#E(Q)/2E(Q) < #im(§) - #im(8).

Furthermore, we know that

, <ker(1//)) B 1 if B'is a square,
ker(y)Nim(¢) 2 otherwise.

Hence, by part (b) of the remark after Lemma 10.3.6, we have
#im(8) -#im(8’)  if B is a square,
FEQRZEQ =Y im(5) - #im(5')

otherwise.
2
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Example 10.4.5.1 (a) In Example 10.4.4.1, B’ = 4 is a square, so
#E(Q)/2E(Q) = #im(5) - #im(8') =2-2 = 4.
This means that all cosets in E(Q)/2E(Q) are accounted for by the 2-torsion points

E(Q)[2] = {0,(0,0), (£1,0)}.
In the next section, we will use this to show that E(Q) = E(Q)[2], i.e. the only Q-rational
points on E are the 2-torsion points. This will mean that n» = 1 is not a congruence number.

(b) In Example 10.4.4.2, B’ = 100 is a square, so
#E(Q)/2E(Q) = #im(8) - #im(8') =4-2 =8.

In this case, a coset in E(Q)/2E(Q) comes either from the point P = (—4,6), or from the
2-torsion subgroup

E(Q)[2] ={0,(0,0), (£5,0)}.
We will later see that £(Q) has rank 1, i.e. Q € E(Q) if and only if

Q=nP+h,
withn € Z and Py € E(Q)[2].

The weak Mordell-Weil Theorem hold for elliptic curves over Q with no restriction on the
2-torsion: in order to prove this statement in general we can first extend the base field in order
to have E[2]NE(Q) # {0}, and then proceed as before. In this way, using some theorems of
algebraic number theory and Galois cohomology, it is possible to prove the general statement:
clearly, this is out of the purposes of this course.

10.5 The Mordell-Weil Theorem

Theorem 10.5.1 — Mordell-Weil Theorem. Let E be an elliptic curve defined over Q. Then
the group E(Q) is finitely generated, i.e.

E@Q=ZoT,

where r > 0 is the rank of E(Q), and 7 is finite. This means that there exist » > 0 points
Py,...,P. € E(Q) such that every point P € E(Q) can be uniquely expressed as

P=Py+nP+---nP.,withn; € Z, BT = E(Q)tors-

Proof. By the weak Mordell-Weil Theorem (which we proved when E[2] N E(Q) # {0}) we
know that E(Q)/2E(Q) is finite. Let Ry, R», ..., R, represent the cosets of 2E(Q) in E(Q). Set

¢ =max{A(Ry),...,h(R,)} > 0.

Let 01,0, ...,Q, (m > n) be all the points Q € E(Q) such that 4(Q) < ¢ (use (3) of Theo-
rem 10.2.5). Let A be the subgroup of E(Q) generated by 01,03, ...,Q,. We will show that
A=E(Q).

Suppose that A C E(Q). Then, there exists P € E(Q) \ A. Of all such points, pick one for which
h(P) is minimal. Then, there exists R; such that P — R; € 2E(Q). So P — R; = 2P; for some
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P; € E(Q). Write R = R;, then P— R = 2P,. Now

~

2P)) = h(P —R) = 2h(P) +2h(R) — h(P +R) < 2h(P) + 2h(R)

4h(Py) = h( 2h(P
< 2h(P) +2¢ < 2h(P) + 2h(P) = 4h(P).

So A(P) < h(P). By minimality of 7(P) we must have P, € A. This implies that P = R +
2P; € A since both R, P, € A, which is a contradiction. Hence A = E(Q), so E(Q) is finitely
generated. |

Example 10.5.1.1 Let E be defined by Y2=X?>-X.In Example 10.4.5.1 (a), we saw that
#E(Q)/2E(Q) = 4. By the Lutz-Nagell Theorem,

E(@)tors = E(@)[z] = {07 (07 0)7 (:I:17O)}
By the Mordell-Weil Theorem, we can write
E(Q) = Z" x E(Q)iors = Z" % (Z)27,)*.

Since the double of a point of infinite order is a point of infinite order, and the double of
torsion point is a torsion point, we see that as a subgroup of Z" x (Z/27)?

2E(Q) = (2Z) % 2E(Quors = (22) x {0},
(We only have 2-torsion points.) Therefore, we have
E(Q)/2E(Q) = (Z/2Z) x (Z/2L)* = (Z/2Z)".
Thus, the rank of the curve E is r = 0, and
E(Q)=(2/)272) x (Z]27Z).
Example 10.5.1.2 In Example 10.4.5.1 (b), for the curve E : Y? = X3 — 25X, we saw that

#E(Q)/2E(Q) = 8. We also saw that the cosets are given by P = (—4,6) and the 2-torsion
points. Again, by the Lutz-Nagell Theorem,

E(Q)wrs = E(Q)[2] ={0,(0,0), (£5,0)}.
By the Mordell-Weil Theorem, we can write
E(Q) =7 XE(Q)os = Z" x (Z/27)*.
Therefore, we have
E(Q)/2E(Q) = (Z/2Z) x (Z/2L) = (Z/2Z)".
Thus, the rank of the curve E is r = 1, and we have

E(Q)=Zx (Z/27)*.
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Example 10.5.1.3 Consider the curve E : Y? = X(X? — X +4). Then, we have S = {2} and
Q(S,2) = {#£1,42} (modulo squares). Since X — X + 4 is definite and §(0,0) = 1, we only
need to consider b = 2 in order to find im(8). This gives the equation

204 —mP1? +2m* = n?.

This is the same as
21 +m?)? —5m?l> = n?,

which is impossible modulo 5. So, we have im(6) = {1}.
The other curve to be considered is E’ : Y2 = X(X? 42X — 15). Here §' = {3,5} and
Q(5,2) = {£1,£3,45,£15} (modulo squares). Since, 6'(0,0) = —15, we only need to
consider b = —1 and only one of b = £3 or +5 to find im(8’). For b = —1, we find the
equation

—I* 4 2mP P 15mt =

This is the same as
—(P —m?)? +16m* = n?,

which has the solution (1,1,4) corresponding to the point (—1,4) on E’. For b = 3, we get
the equation

314+ 2m* 1% — 5m* = n?,

which has the solution (1,1,0) corresponding to (3,0) on E’. Hence, we have im(8') =
Q(S,2). Since B = —15 is a non-square, the Weak Mordell-Weil Theorem (and Remark 9.16)
imply that #£(Q)/2E(Q) = 8/2 = 4. By the Lutz-Nagell Theorem, E(Q)ors = {0, (0,0)}.
So, the Mordell-Weil Theorem (Theorem 10.5.1) implies that

E(Q)/2E(Q) = (2/22)"" = (2/2Z)".

Hence, the curve E has rank r = 1. In fact, E(Q) = ((1,2)) x ((0,0)).
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11. Applications |l

Elliptic Curve Cryptography

The idea to use elliptic curves in cryptography was independently proposed by Neil Koblitz and
Victor Miller in the mid 1980s. Before describing two of the most known cryptosystem which
use elliptic curves, let us recall some of the basic concepts and definitions in cryptography.

Cryptography

Cryptography is the process of writing using various methods, ciphers, to keep messages secret.
Cryptography is used to hide information. It is not only use by spies but for phone, fax and
e-mail communication, bank transactions, bank account security, PINs, passwords and credit
card transactions on the web. It is also used for a variety of other information security issues
including electronic signatures, which are used to prove who sent a message.

Cryptanalysis is the science of attacking ciphers, finding weaknesses, or even proving that a
cipher is secure. Cryptology covers both; it’s the complete science of secure communication.

A plaintext message, or simply a plaintext, P, is a message to be communicated. This is the
original readable message (written in some standard language, like English, French, Cantonese,
Italian, Spanish, Icelandic,...). A disguised version of a plaintext message is a ciphertext
message or simply a ciphertext, C. This is the output of some encryption scheme: let E be the
encryption function. We write, for example, E(P) = C to mean that applying the encryption
process E to the plaintext P produces the ciphertext C. The process of turning a ciphertext
back into a plaintext is called decryption: the decryption function D is the function such that
D(C) = P. Note D(E(P)) = P and E(D(C)) = C. The encryption key is piece of data that
allows the computation of E. Similarly we have the decryption key. These may or may not be
the same. They also may not be secret.

A cryptosystem consists of an enciphering algorithm and a deciphering algorithm. A symmetric
key cryptosystem requires a secret shared key. Two users must agree on a key ahead of time. In
a public key cryptosystem, each user has an encrypting key which is published and a decrypting
key which is not.

Today we use cryptography for a lot more than just sending secret messages:
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Authentication. Alice receives a ciphertext from Bob. How can she be sure that the
message originated from Bob? How can she be sure that the message wasn’t corrupted?
How can Bob be sure Alice received it? How can Alice make sure that Bob can’t deny
having sent it?

Key exchange. Over an insecure channel, Alice and Bob exchange two pieces of data
that allow them to compute a common encryption/decryption key. But any attacker who
intercepts the transmissions can’t recover the key.

Zero-knowledge proofs. Alice can unequivocally convince Bob that she has a certain
piece of information, without revealing the exact piece of information to Bob.

Secret sharing. Alice, Bob, Carol, ...each have a piece of information that is part of a
commonly held secret S. If N or more of them meet and combine their knowledge, then S
can be reconstructed. But if less than N get together, S cannot be reconstructed.

All of these protocols are in common usage in computer networks. They are also crucial in
sensitive communication.

The fundamental ideas in cryptography are:

e Encryption and decryption should be easy for the proper users, Alice and Bob. Decryption

should be hard for any eavesdropper, Eve.

e Must assume that the enemy will find out about the nature of a cryptosystem and will only

be missing a key.

Example 11.1.0.1 (a) Caesar cipher. Encode letters by numbers:

A—0, B—1, C—2, ..., Z—125.

Choose a key ¢, which is a number between 0 and 25 (for Caesar ¢ was always 3). For
each letter P, E is defined by
E(P)=P+t,

that is, add ¢ to the code for each letter to get a new letter code. Of course, you are

counting modulo 25. For example, if we take r = 17, then encrypting the plaintext
ALLOFGAULISDIVIDEDINTOTHREEPARTS

yields the ciphertext

RCCFWXRLCZJUZMZUVUZEKFKYIVVGRIJK

Decryption is done by D(C) = C —t. This cryptosystem is horrendously insecure.

(b) Affine cipher. Choose a number a and define E(P) = aP +1.

(c) Digraph affine cipher. Choose numbers aj,as,b;,bs,t1,t, and then encrypt by trans-

forming pairs of letters:

E(P,P,) = (a1Pi+b 1Py +11,a0P + b+ 17).
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These schemes are insecure, since natural languages have statistical biases (the “Wheel of
Fortune phenomenon™).

Diffie-Hellman

Suppose two communication parties, Alice and Bob, want to agree upon a key which will be
later used for encrypted communication in conjunction with a private key cryptosystem. The
Diffie-Hellman key exchange is a public key cryptosystem which provides them a way of doing
this without revealing personal encryption keys.

Algorithm 11.1 — Diffie-Hellman key exchange.

Step 1: Bob and Alice choose a 200-digit integer p that is likely to be prime, and choose a
number g with 1 < g < p.

Step 2: Alice secretly chooses an integer n, computes g" (mod p) and tells Bob the result.

Step 3: Bob secretly chooses an integer m and tells Alice g” (mod p)

Step 4: The shared secret key is then s = (g")"
and Bob can compute.

(&™) =g"" (mod p), which both Alice

Alice communicates with Bob by encrypting everything using their agreed upon secret key.
In order to understand the conversation, the eavesdropper needs s, but it takes a long time to
compute s given only p, g, g", and g”. One way would be to compute #n from knowledge of g
and g"; this is possible, but appears to be “computationally infeasible,” in the sense that it would
take too long to be practical.

Let a, b, and n be real numbers with a,b > 0 and n > 0. Recall that the “log to the base b”
function is characterized by

log,(a) =n if and only if a=>b".

Hence, the problem becomes: given a base b and a power a of b, find an exponent n such that
a=>b". That is, given a = b" and b, find n.

The discrete log problem is the analog of computing log, (a) but where both b and a are elements
of a finite group.

Discrete Log Problem: Let G be a finite group, for example, G = F,. Given b € G and a
power a of b, find a positive integer n such that b" = a.

As far as we know, finding discrete logarithms in ', when p is large is “very difficult” in
practice. Unfortunately, we have no formal proof that computing discrete logarithms on a
classical computer is difficult. Also, Peter Shor showed that if one could build a sufficiently
complicated quantum computer, it could solve the discrete logarithm problem in time bounded
by a polynomial function of the number of digits of #G. It is easy to give an inefficient algorithm
that solves the discrete log problem. Simply try b', b%, b3, etc., until we find an exponent n such
that »" = a. When p is large, computing the discrete log this way soon becomes impractical,
because increasing the number of digits of the modulus makes the computation take vastly longer.

The Diffie-Hellman key exchange works well on an elliptic curve with no serious modification.
Alice and Bob agree on a secret key as follows:
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Algorithm 11.2 — Diffie-Hellman key exchange with elliptic curves.

Step 1: Alice and Bob agree on a prime p, an elliptic curve E over IF,,, and a point P € E(IF),).
Step 2: Alice secretly chooses a random m and sends mP.
Step 3: Bob secretly chooses a random » and sends nP.

Step 4: The secret key is nmP, which both Alice and Bob can compute.

Presumably, an adversary can not compute nmP without solving the discrete logarithm problem
on elliptic curve, that we will describe later. For well-chosen E, P, and p, experience suggests
that the discrete logarithm problem in E(IF,) is much more difficult than the discrete logarithm
problem in F),.

ElGamal Cryptosystem

The ElGamal Cryptosystem allows one user to give a public key to use for encryption and still
maintain a private encryption key. It is a public key cryptosystem.

The ElGamal cryptosystem produces a signature scheme: suppose Alice wants to send a signed
message to Bob (here the message is not necessarily secret). What is important is for Bob to
verify that it is signed by Alice.

To illustrate the ElIGamal cryptosystem, we describe how Bob would set up an ElGamal cryp-
tosystem that anyone could use to encrypt messages for him. Bob chooses a prime p, an elliptic
curve E over I, and a point B € E(F),), and publishes p, E, and B. He also chooses a random
integer n, which he keeps secret, and publishes nB. His public key is the four-tuple

(p,E,B,I’lB).

Suppose Alice wishes to encrypt a message for Bob. If the message is encoded as an element
P € E(FF,), Alice computes a random integer r and the points 7B and P + r(nB) on E(FF).
The signature of Alice is rB. Then P is encrypted as the pair (rB,P + r(nB)). To decrypt the
encrypted message, Bob multiplies 7B by his secret key n to find n(rB) = r(nB), then subtracts
this from P+ r(nB) to obtain

P =P+ r(nB)—r(nB).

Any other new message sent by Alice will be encrypted using rB: this will be Alice’s signature
and Alice in any further communication will encrypt any message P’ as P’ + r(nB). If the
decryption fails, Bob will not recognize the signature of Alice.

We do the above examples using the open-source mathematics software system Sage:

sage: p 785963102379428822376694789446897396207498568951

sage: E = EllipticCurve (GF (p), \
[317689081251325503476317476413827693272746955927,
790528966078787587181205720257185354321006519341])

sage: E.cardinality ()

785963102379428822376693024881714957612686157429

sage: E.cardinality () .is_prime ()

True

sage: B = E ([
771507216262649826170648268565579889907769254176,
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390157510246556628525279459266514995562533196655])
sage: n=670805031139910513517527207693060456300217054473
sage: r=70674630913457179596452846564371866229568459543
sage: P = E([14489646124220757767,

66933778037328409627489513661819460446969683007417)

sage: encrypt = (r*xB, P + rx(n=*B))
sage: encrypt[l] - n*encrypt[0] == P # decrypting works
True

Elliptic Curve Discrete Logarithm Problem

The two cryptosystems described depends on the difficulty to solve the following problem:

Elliptic Curve Discrete Log Problem: suppose E is an elliptic curve over F, and P € E(F,).
Given a multiple Q of P, the elliptic curve discrete log problem is to find n € Z such that
nP = Q.

For example, let E be the elliptic curve given by y> = x> + x+ 1 over the field F7. We have

E(F7) ={0,(2,2),(0,1),(0,6),(2,5)}.
If P=(2,2) and Q = (0,6), then 3P = Q, so n = 3 is a solution to the discrete logarithm problem.

If E(F,) has order p or p=£ 1, or is a product of reasonably small primes, then there are some
methods for attacking the discrete log problem on E, which are beyond the scope of this course.
It is therefore important to be able to compute #E(IF,) efficiently, in order to verify that the
elliptic curve one wishes to use for a cryptosystem doesn’t have any obvious vulnerabilities.
The naive algorithm to compute #E(IF,) is to try each value of x € F,, and count how often
x% 4 ax + b is a perfect square mod p, but this is of no use when p is large enough to be useful for
cryptography. Fortunately, there is an algorithm due to Schoof, Elkies, and Atkin for computing
#E(F,) efficiently (polynomial time in the number of digits of p), but this algorithm is beyond
the scope of this course: we will only present a basic version of the original algorithm by Schoof.

At present, it appears that given p, the discrete log problem in E(F,) is much harder than the
discrete log problem in the multiplicative group I, This suggests that by using an elliptic curve-
based cryptosystem instead of one based on ¥, one gets equivalent security with much smaller
numbers, which is one reason why building cryptosystems using elliptic curves is attractive to
some cryptographers. For example, Certicom, a company that strongly supports elliptic curve
cryptography, claims:

“[Elliptic curve cryptography] devices require less storage, less power, less memory,
and less bandwidth than other systems. This allows you to implement cryptography
in platforms that are constrained, such as wireless devices, hand-held computers,
smart cards, and thin-clients. It also provides a big win in situations where efficiency
is important.”

In April 2004, a specific cryptosystem based on an elliptic curve over [F,, where p was chosen
with 109 bits, was cracked. The first unsolved challenge problem involves an elliptic curve
over IF,, where p has 131 bits, and the next challenge after that is one in which p has 163 bits.
Certicom claims that the 163-bit challenge problem is computationally infeasible.
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Schoof’s algorithm

When generating curves for elliptic curve cipher systems, the order of the group of points is
important. The main method for generating these curves depends on the point counting problem.
Usually, it is required, at least, for the group to be divisible by a large prime factor. By large we
mean at least 160 bits in length.

Let E be an elliptic curve of the form y? = x> + Ax + B over the finite field IF, where g = p" and
p > 3 is an odd prime (there is a similar algorithm in characteristic 2 and 3, but for simplicity
we are not going to discuss it here). By Hasse’s Theorem, recall #E(FF;) = g+ 1 — a, where
lag| <2,/q. Let S be the set of primes,

S={2,3,....L}

such that the product of all its elements is larger than 4, /g, the length of the interval over which
a lies in. We will also assume that the characteristic p of F, is not an element in S.

The idea behind Schoof’s algorithm is to find a, mod ¢ for all £ € S, then use the Chinese
Remainder Theorem to determine a,.

For every ¢ € S we do the following.

Step 1. Suppose ¢ = 2. If x> + Ax+ B has a root « € IF,, then (¢t,0) is a point of order two. By
Lagrange’s Theorem, E (IFq) has even order, so g+ 1 —a, =0 mod 2, so a, = 0 mod 2.

To determine whether x> + Ax + B has a root in IF,, consider the equation x — x = 0. Recall that
the elements of I, are the elements of Fq which satisfy x¢ — x = 0. Thus, x* +Ax + B has a root
in IF, if and only if it has a root in common with x —x, i.e. ged(x* +Ax+ B,x? —x) # 1.

If ged(x® +Ax + B,x? —x) = 1, then there is no common root, so a, = 1 mod 2.

Step 2. Suppose ¢ # 2. Recall that the division polynomial y; is a function through which we
characterize the ¢-torsion: (x,y) € E[/] if and only if yy(x) = 0.

1. Let P=(x,y) € E[¢]\ {0}, and let k = ¢ mod ¢ such that || < ¢/2. Let ¢, be the Frobenius
endomorphism. Then q)g —ay9, +q = 0. In other words,

() + [k (x,y) = [ag) (9, 59).

2. Assume ¢ P # [k]P for every P € E[(]\ {0} and denote (x,,y,) := [n](x,y). We want to
determine whether a j exists such that

2 2
(-xq 7yq )+ (xkvyk) = (-xivy?)

for some j € {1,2,...,¢ —1}. This procedure tests if &; is our required a,, since the
x-coordinates are the same for either sign and the y coordinates may differ by a constant.
Since we will only evaluate the x coordinates, we only need to consider j € {1,2,..., (¢ —

1)/2} and (¢ 39 + (e, 1) = £(¥0,39).

The addition of points is an endomorphism. So (x7°,y7") + (x,yx) = (G (x),yH, (x)) for
rational functions G; and H;. We also have (x;].,y?) = (G2(x),yH>(x)) since this is just the
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multiplication by j map. According to the group law,

2
a _
Gl(x)=<y yk) X —x =

x‘lz—xk
271 2
Y —ry(x 2
() e
— Xg
3 Vel 2
x’+Ax+B) 7 —ryx
WENNTIE VT o) ) e

2
x4 — xy,

where yi = yryx(x) and ry(x) is a rational function.

Now, (Gi(x),yH(x)) = £(Ga(x),yHa(x)) if and only if G (x) = Ga(x) for (x,y) € E[].
Recall y; has degree (¢> —1)/2, since this is a minimal polynomial whose roots are all
the x-coordinates of elements in E[¢]. Thus, for (x,y) € E[{], ¥ | G| — G; if and only if
Gi(x) = Ga(x).

Suppose we found j such that (G (x),yH(x)) = (G2(x),£yH>(x)), i.e. a; = £j mod /.
To determine the sign, one can make some easy computations with H; and H, and obtain,
in a similar way as before, that if H; — H, = 0 mod yy, then a, = j mod /, otherwise,
ay, = —j mod /.

3. Now suppose no such j works. Then there must exist a P € E[(]\ {0} such that ¢7(P) =
+[k]P. Let w? = g mod £. If w does not exist, then a;, = 0 mod £. Otherwise, the three

following possibilities can occur:
e gcd(numerator(x? —x,,), y;) = 1, then a, = 0 mod /.
e gcd(numerator((y? —yy)/y), W) # 1, then a; = 2w mod /.

e otherwise, a, = —2w mod /.

Now use Chinese Remainder theorem to compute a, mod []/ and since a, satisfies the Hasse’s
bound, we can determine a, and so #E(IF,).
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12. Advanced topics

The Birch and Swinnerton-Dyer Conjecture
Let E be an elliptic curve defined over Q. The Mordell-Weil Theorem asserts that E(Q) is

finitely generated. More precisely, we showed that

E(Q) = E(Q)ors X Z',
where r is the rank of E.

Question: Does this mean that in practice we can determined E(Q)? By “determine” we mean
find the abstract group structure, i.e. find the structure of E(Q)ors and 7.

The torsion subgroup can be easily computed thanks to the following result, combined with the
Lutz-Nagell Theorem.

Theorem 12.1.1 — Mazur. Let E be an elliptic curve over Q, then

C,(n=1,...,100rn=12)

E(Q)tors =
C, x Cyy, (n = 1,2,3,4).

The rank r, however, remains highly mysterious. For example, it is unclear whether given a
positive integer r there exists a curve E such that rank(E) = r. Although it is commonly believed
that the rank can be arbitrarily large, the highest rank known to date belongs to a curve discovered
by Elkies in 2006:

2

y2+xy+y:x3—x —asx+ag

with

a4 = 20067762415575526585033208209338542750930230312178956502,

ae = 34481611795030556467032985690390720374855944359319180361266008296291939448732243429,

whose rank is at least 28. Since the mid 60s, much effort has gone into understanding ranks of
elliptic curves, leading to one of the most influential conjectures in number theory, namely the
Birch and Swinnerton-Dyer Conjecture.
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Let E/Q be as above; let A be its discriminant and p a prime. In Chapter 8, we described the
reduction Ep of E modulo p. If p is a prime of good reduction, Ep is an elliptic curve over I,
In that case, we defined the trace of Frobenius on E, by

a,(E)=p+1—#E,(F,).

We can extend the definition of a,, to the primes of bad reduction as follows: E, is a singular
curve, and we studied singular cubics in Chapter 2, so

0 if E has additive reduction at p, i.e. E, has a cusp,
a,(E) := 1 if E has split multiplicative reduction at p, i.e. E, has a node,
—1 if E has non-split multiplicative reduction at p, i.e. E, has a node.

Definition 12.1 Let E be an elliptic curve defined over Q. The L-series attached to E is
defined by

L(E,s) =[] (1=ap(E)p~) ' TT (1 —ap(E)p~ +p" %) " (12.1)
plA ptA

One can show that the product (12.1) converges for R(s) > 3/2, and has a meromorphic contin-
uation to the whole complex plane. (This product is called an Euler product.) Furthermore, one
can show that

an(E)'

L(E,s)—i1

The following is the weak version of the Birch and Swinnerton-Dyer Conjecture, which was
formulated in the mid 60s based on numerical evidence gathered using EDSAC, one of the early
computers available at Cambridge University.

Conjecture 12.1.2 — Birch-Swinnerton-Dyer. Let E be an elliptic curve defined over QQ, and
let r = rank(E). Then,

(i) L(E,1) =0if and only if r > 0.
(ii) If L(E,1) =0, then r = ord,—; L(E, ), the order of vanishing of L(E,s) at s = 1.

The central role played by this conjecture in the arithmetic theory of elliptic curve is highlighted
by the fact that it is one of the Millennium Prize Problems of the Clay Mathematical Institute.
Any proof of the (strong version of the) BSD Conjecture will lead to effective algorithms for
computing ranks of elliptic curves.

Example 12.1.2.1 (a) We already saw that the congruence number curve E : Y = X3 — X
has rank r = 0. By evaluating the L-series of this curve to several digit precision using Sage
or Magma, we see that

L(E,1) =0.655514388573...,

which is consistent with the BSD Conjecture.
(b) Similarly, we saw that the rank of the curve E : Y2 = X3 — 25X is 1. The L-series of this
curve computed to several digit precision is

L(E, 1) = 0.00000000000....
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Example 12.1.2.2 (a) The discriminant of the curve E : y*> +y = x> —x?> — 10x — 20 is
A = —11°. The evaluation of its L-series to several digit precision gives

L(E,1) = 0.25384186....

This curve has rank r = 0, which is consistent with BSD.

(b) The curve E : y*> +y = x> — x has discriminant A = 37. One verifies that
L(E,1) = 0.000000000...,

and that rank(E) = 1. In fact the point P = (0,0) generates E(Q).

Modularity

Elliptic curves (over the rationals) are intrinsically related to modular forms; these are analytic
objects, which have been studied since the 19th century. In the last two decades, some of the
most spectacular results in number theory have come through this connection. The key insight
that such a link exists is due mainly to Eicher, Shimura, Taniyama and Weil.

Let §) denote the Poincaré upper halfplane, i.e.

$:={re€C:Im(r) > 0}.

Definition 12.2 A modular cusp form of weight 2 and level N is an analytic function
f:$ — C such that

(a) fis given by a power series

f(r)=Y anq", withg=e™", 1€ .
=1

n=

at+b
cT+d

(b) f( ) = (CT+d)2f(T), for all <Ccl Z) € SL,(Z) with N | c.

(¢) f(z) tends rapidly to 0 as z — o for all @ € Q (vanishing at cusps).

The space of cusp forms of weight 2 and level N, which we denote by S»(N), is a finite
dimensional complex vector space. It comes equipped with the action of a family of linear
operators called Hecke operators, which are defined as follows. First, for each prime p t N, one
defines the Hecke operator T, by

(T,f)(t) = F(p) +'§f (T;") .

Analogously, one defines T}, for p | N. Finally, one extends the definition to all n € Z> by

Ty = T,T,—pT,—> ifr>2andpisaprime not dividing N;
Ty = T, if p is a prime dividing N;
Tww = T,T, if (m,n) = 1.

The T, (n > 1) are normal operators which commute. So not only are they diagonalisable, but
also they admit a common basis of eigenvectors.
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Definition 12.3 Let f(7) =Y, a,q" € S2(N). We say that f is a normalised eigenform
if it is a common eigenvector for the Hecke operators and a; = 1.

Let f be a normalised eigenform. Shimura proved that each a, is an algebraic number, and that
T.f = a,f, foralln > 1.

We can define an equivalence relation on the set of normalised eigenforms as follows. Let
flr)= Z anq" and g(7) = Z b.q"
n=1 n=1

be normalised eigenforms of level N and N’ respectively. We say that f and g are equivalent,
and write f ~ g, if a,, = b,, for almost all . It is not hard to see that this is indeed an equivalence
relation. It can be shown that if f ~ g, then there exists a normalised eigenform A € S, (M),
where M = gcd(N,N'), such that f ~ g ~ h.

Definition 12.4 Let f be a normalised eigenform of level N. We say that f is a newform, if
f has the smallest level in its equivalence class.

It can be shown that every equivalence class under ~ contains a unigue newform. (This result is
known as the Multiplicity One Theorem.) The L-series attached to a newform f is defined by

L(fs)= Y 5.
n=1

It can be shown that L(f,s) is analytic, i.e. holomorphic on the whole complex plane, and admits
an Euler product as in (12.1).

The first connection between elliptic curves and modular forms was observed by Eichler and
Shimura. In the mid 60s, they proved the following result.

Theorem 12.2.1 — Eichler-Shimura. Let f(7) =Y, a,q" € S2(N) be a newform such that
all the coefficients a, are rational integers. Then, there exists an elliptic curve Ey defined
over QQ such that

L(E¢,s) = L(f,s).

One of the most striking facts about the arithmetic theory of elliptic curves is that the converse to
Theorem 12.2.1 is true.

Theorem 12.2.2 — Wiles, Breuil, Conrad, Diamond, Taylor. Let £/Q be an elliptic curve,
and define fz : $ — C by

fi(t) = ilanw)q".

Then, fr is a newform of weight 2. The level N of fg is called the conductor of E.

Until the mid 90s, Theorem 12.2.2 was known as the Shimura-Tanyiama-Weil Conjecture. It
proof uses some of the most sophisticated tools in modern mathematics: automorphic forms
and representations; Galois representations; and arithmetic geometry, etc. The first major
breakthrough came in 95, when Wiles proved Theorem 12.2.2 when the conductor of E is
squarefree. His result was completed in 2001 by Breuil, Conrad, Diamond and Taylor.
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Example 12.2.2.1 The newform attached to the curve E : Y> = X> — X is
fe=q—20 -3¢ +64"+2¢"T — > —10¢%° — 283 +---.

Its level is the integer N = 32.
The conductor of the curve E : Y2 = X3 — 25X is N = 800, and the attached newform is

fE:q—3q9—6413—26]17—10429+2q37+1oq41—7q49+"'-

Example 12.2.2.2 The curves in Example 12.1.2.2 have conductor 11 and 37 respectively,
and the attached newforms are

=420 -0 +24"+¢’ +2¢° = 29" = 24" = 24" +¢"" +---,
f1=a-2¢ =3¢ +24" =24 +64° —q' + 64’ +4¢'" = 5¢" +---.

An immediate consequence of Theorem 12.2.2 is that L(E,s) = L(fg,s). This means that the
L-series of an elliptic curve E/Q is an entire function.

Theorem 12.2.2 led to the resolution of a wide range of Diophantine equations, including
Fermat’s Last Theorem which was Wiles’ initial motivation. It also enabled substantial progress
towards the BSD Conjecture.

Theorem 12.2.3 — Kolyvagin. The BSD Conjecture is true for all elliptic curves E /Q such
that ord,— | L(E,s) < 1.

I Example 12.2.3.1 The BSD Conjecture is true for the curves in Examples 12.1.2.1 and 12.1.2.2.
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