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1 Number Systems and Fields

We introduce the number systems most commonly used in mathematics.

(a) The natural numbers N = {1,2,3,4,...}.

In N, addition is possible but not subtraction; e.g. 2 — 3 ¢ N.

(b) The integers Z ={...,-2,-1,0,1,2,3,...}.

In Z, addition, subtraction and multiplication are always possible, but not division; e.g.
2/3 ¢ 7.

(c) The rational numbers Q = {p/q|p,q € Z, q # 0}.

In Q, addition, subtraction, multiplication and division (except by zero) are all possible.

However, v/2 ¢ Q.

(d) The real numbers R. These are the numbers which can be expressed as decimals. The
rational numbers are those with finite or recurring decimals.

In R, addition, subtraction, multiplication and division (except by zero) are still possible,
and all positive numbers have square roots, but v/—1 ¢ R.

(e) The complex numbers C = {z + iy | z,y € R}, where i? = —1.

In C, addition, subtraction, multiplication and division (except by zero) are still possible,
and all, numbers have square roots. In fact all polynomial equations with coefficients in C
have solutions in C.

1.1 Axioms for number systems

Laws governing the way numbers combine together are called axioms.

Axioms for addition. Let S be a number system.

Al. a+pB=pF+aforal a,f€S.

A2, (a+B)+y=a+(B+~) foral o,8,7€S.

A3. There is a number 0 € S such that a +0=0+a=aforalla € S.

A4. For each number « € S there exists a number —« € S such that a+(—a) = (—a)+a = 0.

These axioms may or may not be satisfied by a given number system S. For example, in N,
A1l and A2 hold but A3 and A4 do not hold. A1-A4 all hold in Z,Q,R and C.

Axioms for multiplication.
Ml. a.B=pB.aforall a,8€S.

M2. (a.f8).y = a.(f.y) for all o, B,y € S.
M3. There is a number 1 € S such that «.1 = 1.o = « for all o € S.

M4. For each number o € S with a # 0, there exists a~! € S such that a.a™! = a l.a = 1.

In N and Z, M1-M3 hold but M4 does not hold. M1-M4 all hold in Q,R and C.
Axiom relating addition and multiplication.
D. (a+p8)y=a~y+pyforala,p,yes.

Definition A set S on which addition and multiplication are defined is called a field, if it
satisfies each of the axioms Al, A2, A3, A4, M1, M2, M3, M4, D, and if, in addition, 1 # 0.

Roughly speaking, S is a field if addition, subtraction, multiplication and division (except by
zero) are all possible in S. We shall always use the letter K for a general field.

For example N and Z are not fields, but Q, R and C are all fields.



There are many other fields, including some finite fields.

For example, for each prime number p, there is a field F,, = {0, 1,2, ...,p—1} with p elements,
where addition and multiplication are carried out modulo p. Thus, in F7, we have 5 +4 = 2,
5x4=6and 57! =3 because 5 x 3 = 1.

The smallest such field Fo has just two elements 0 and 1, where 1 + 1 = 0. This field is
extremely important in Computer Science since an element of Fo represents a bit of informa-
tion.

Various other familiar properties of numbers, such as 0o = 0, (—a)8 = —(af) = a(—p),
(—a)(=B) = aB, (—1)a = —a, for all a, 5 € S, can be proved from the axioms.

However, occasionally you need to be careful. For example, in Fo we have 1 + 1 = 0, and so
it is not possible to divide by 2 in this field.

2 Vector Spaces

Definition A wvector space over a field K is a set V' which has two basic operations, addition
and scalar multiplication. Thus for every pair u,v € V, u+ v € V is defined, and for every
a € K, av € V is defined. The following axioms are satisfied for all o, € K and all
u,velVl.

(i) Vector addition satisfies axioms A1, A2, A3 and A4.

(i) a(u+v)=au+ av;
(iii) (a+B)v=av+ pv;
(iv) (aB)v =a(Bv);
(v) lv=w.
Elements of the field K will be called scalars. Note that we will use boldface letters like v to
denote vectors. The zero vector in V will be written as Oy, or usually just 0. This is different
from the zero scalar 0 = 0 € K.

For nearly all results in this course, there is no loss in assuming that K is the field R of real
numbers. So you may assume this if you find it helpful to do so. Just occasionally, we will
need to assume K = C the field of complex numbers.

However, it is important to note that nearly all arguments in Linear Algebra use only the
axioms for a field and so are valid for any field, which is why shall use a general field K for
most of the course.

2.1 Examples of vector spaces

1. K" = {(a1,a9,...,a,)|a; € K}. This is the space of row vectors. Addition and scalar
multiplication are defined by the obvious rules:

(Oél,OéQ,...,Oén)—f—(,Bl,ﬁQ,...,,Bn) - (a1+B17a2+B27~--,an+ﬁn);
Mag,ag,...,an) = (Aag, Aag, ..., ap).

The most familiar examples are
R? = {(z,y)|z,y € R} and R’ ={(z,y,2)|z,y,2 € R},

which are the points in an ordinary 2- and 3-dimensional space, equipped with a coordinate
system.

Vectors in R? and R? can also be thought of as directed lines joining the origin to the points
with coordinates (x,y) or (z,y, 2).
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0 =(0,0)

Addition of vectors is then given by the parallelogram law.

Vi + Vg

V2
Vi

0

Note that K! is essentially the same as K itself.

2. Let K[z] be the set of polynomials in an indeterminate « with coefficients in the field K.
That is,
K[r] = {ao + a1 + -+ apx" [a; € K}

Then Klz] is a vector space over K.

3. Let Kx]<y be the set of polynomials over K of degree at most n, for some n > 0. Then
K[x]<y is also a vector space over K; in fact it is a subspace of K|[z].

Note that the polynomials of degree exactly n do not form a vector space. (Why?)

4. Let K =R and let V be the set of n-times differentiable functions f : R — R which are
solutions of the differential equation
df

dnf dn—lf B
gn TN T T A A f =0,

for fixed Ag, A1,...,A\p, € R. Then V is a vector space over R, for if f(z) and g(z) are both
solutions of this equation, then so are f(z) + g(x) and af(z) for all & € R.

Ao

5. The previous example is a space of functions. There are many such examples that are
important in Analysis. For example, the set C*((0, 1), R) (of all functions f : (0,1) — R such
that the k-th derivative f(*) exists and is continuous) is a vector space over R with the usual
pointwise definitions of addition and scalar multiplication of functions.

8. Any n bits of information form a vector in F3.

Facing such a variety of vector spaces, a mathematician wants to derive useful methods of
handling all these vector spaces. If we do it on a single example, say R®, how can we be
certain that our methods are correct? It is only possible with the aziomatic approach to
developing mathematics. We must use only arguments based on the vector space axioms.
We have to avoid making any other assumptions. This ensures that everything we prove is
valid for all vector spaces, not just the familiar ones like R3.

We shall be assuming the following additional simple properties of vectors and scalars from
now on. They can all be deduced from the axioms.

(i) a0=0 forall e K

(ii) Ov=0forallveV

(iii) —(av) =(—a)v=a(—v),foralla € K and ve V.
(iv)

iv) f av=0then a=0or v=0.



3 Linear Independence, Spanning and Bases of Vec-
tor Spaces

3.1 Linear dependence and independence

Definition Let V be a vector space over the field K. The vectors vi,vs,...Vv, are said to
be linearly dependent if there exist scalars aq, s, ..., a, € K, not all zero, such that

a1V + aava + - - -+ ap vy, = 0.

V1i,Vo,...V, are said to be linearly independent if they are not linearly dependent. In other

words, they are linearly independent if the only scalars ai, as,...,a, € K that satisfy the
above equation are oy =0, ag =0, ..., = 0.
Vectors of the form ayvy + agve + - - - + ap v, for ag, as,...,a, € K are called linear combi-

nations of vi,va,...vy,.

Examples 1. Let V =R? vy = (1,3), vo = (2,5).

Then aivy + agve = (aq + 2a9,3a1 + Sae), which is equal to 0 = (0,0) if and only if
a1 + 2a9 = 0 and 3aq + bag = 0. Thus we have a pair of simultaneous equations in a1, s
and the only solution is a; = ag = 0, so v, vy are linearly independent.

2. Let V =Q?2, vi = (1,3), va = (2,6).

This time the equations are a4+ 2as = 0 and 3a; +6as = 0, and there are non-zero solutions,

such as oy = —2, g = 1, and so vy, vo are linearly dependent.
Lemma 3.1 vi,ve,...,v, € V are linearly dependent if and only if either vi = 0 or, for
some r, v, 1S a linear combination of vi,...,Vy_1.

PRrROOF: If vi = 0 then by putting a1 = 1 and a; = 0 for i > 1 we get a1vi+---+apv, =0,
SO Vi,Va,...,Vv, € V are linearly dependent.

If v, is a linear combination of vy,...,v,_1, then v, = ayvy 4+ -+ 4+ a_1v,_1 for some
ag,...,0,—1 € K and so we get ayvi+---4+a,—1v,—1—1v, = 0 and again vy, va,..., v, €V
are linearly dependent.

Conversely, suppose that vi,vs,...,v, € V are linearly dependent, and «; are scalars, not
all zero, satisfying ayvy + agve + - -+ 4+ a v, = 0. Let r be maximal with a,. # 0; then
a1vy + aave + - + o, v, = 0. If r = 1 then ayvy; = 0 which, by (iv) above, is only possible
if vi = 0. Otherwise, we get

aq Qp_1
Vp=—"7"V] — =+ — Vr—1

Q o
In other words, v, is a linear combination of vi,...,v,_1. O
3.2 Spanning vectors
Definition The vectors vy,...,v, in V span V if every vector v € V is a linear combination
a1V + aovg + -+ ap vy, of v, ..., vy,
3.3 Bases of vector spaces
Definition The vectors vi,...,v, in V form a basis of V if they are linearly independent

and span V.



Proposition 3.2 The vectors vi,...,vy, form a basis of V if and only if every v € V can
be written uniquely as v = a1vy + agve + - - - + au, Vs that is, the coefficients aq, ..., o, are
uniquely determined by the vector v.

PROOF: Suppose that vq,...,v, form a basis of V. Then they span V', so certainly every
v € V can be written as v = a1vy] + asve + -+ + a,V,. Suppose that we also had v =
B1vi + Bavo + - - - + B, v, for some other scalars 8; € K. Then we have

0=v—v=_(ag—pB1)vi+ (az—F2)va+ -+ (an — Bn)Vn

and so
(a1 —=B1) = (a2 —B2) == (an — Ba) =0

by linear independence of vy, ...,v,. Hence a; = §; for all 4, which means that the a; are
uniquely determined.

Conversely, suppose that every v € V can be written uniquely as v = ayvi+agve+- - -+a,vy.
Then vq,...,v, certainly span V. If ayvi + aovg + -+ - + i, v, = 0, then

a1vi + vy + -+ apvy = 0vy +0vep + - +0vy

and so the uniqueness assumption implies that a;y = ag =--- = a,, =0, and vq,...,v, are
linearly independent. Hence they form a basis of V. a

Examples 1. (1,0) and (0, 1) form a basis of K2. This follows from Proposition 3.2, because
each element (v, a2) € K2 can be written as a1(1,0)+az(0, 1), and this expression is clearly
unique.

2. More generally, (1,0,0), (0,1,0), (0,0,1) form a basis of K3, (1,0,0,0), (0,1,0,0),
(0,0,1,0), (0,0,0,1) form a basis of K* and so on. This is called the standard basis of
K™ for n € N.

(To be precise, the standard basis of K™ is vy, ..., v,, where v; is the vector with a 1 in the
i-th position and a 0 in all other positions.)

3. There are many other bases of K™. For example (1,0), (1,1) form a basis of K2, because
(a1,2) = (a1 — a2)(1,0) + a2(1, 1), and this expression is unique. In fact, any two non-zero
vectors such that one is not a scalar multiple of the other form a basis for K2.

4. Not every vector space has a finite basis. For example, let K[z] be the space of polynomials
in « with coefficients in K. Let pi(x),p2(x),...,pn(z) be any finite collection of polynomials
in K[z]. Then if d is the maximum degree of p;(z), p2(x), ..., pn(z), any linear combination
of pi(x),pa(x),...,pn(x) has degree at most d, and so p1(z),p2(x),...,pn(z) cannot span
K|x]. It is easy to see that the infinite sequence of vectors 1,z,x2, 23,...,2", ... is a basis of
A vector space with a finite basis is called finite-dimensional. In fact, nearly all of this course
will be about finite-dimensional spaces, but it is important to remember that these are not

the only examples. The spaces of functions mentioned in Example 5. of Section 2 typically
have uncountably infinite dimension.

Theorem 3.3 (The basis theorem) Suppose that vi,...,vy, and wi,..., W, are both finite
bases of the vector space V. Then m = n. In other words, all finite bases of V contain the
same number of vectors.

The proof of this theorem is quite tricky and uses the concept of sifting which we introduce
after the next lemma.



Definition The number n of vectors in a basis of the finite-dimensional vector space V is
called the dimension of V' and we write dim(V') = n.

Thus, as we might expect, K™ has dimension n. KJz| is infinite-dimensional, but the space
K|[z]<;, of polynomials of degree at most n has basis 1, z, x2,..., 2", so its dimension is n 4+ 1
(not n).

Note that the dimension of V depends on the field K. Thus the complex numbers C can be
considered as

e a space of dimension 1 over C,
e a space of dimension 2 over R, where 1,17 is a basis for C over R,

e a space of infinite dimension over Q.

Lemma 3.4 Suppose that the vectors vi,va,..., vy, W span V and that w is a linear com-
bination of vi,...,vy,. Then vy,..., vy, span V.
PROOF: Since vi,va,...,v,, w span V, any vector v € V can be written as

V:Oé1V1+“'+anVn+/BW7

But w is a linear combination of vyi,...,v,, so W = y1v] + - -+ + v, Vv, for some scalars ~;,
and hence
v = (a1 + Bm)vi+ -+ (an + Bym)vn

is a linear combination of vy, ..., Vv,, which therefore span V. O

There is an important process, which we shall call sifting, which can be applied to any
sequence of vectors vi,ve,...,Vv, in a vector space V. We consider each vector v; in turn.
If it is zero, or a linear combination of the preceding vectors vi,...,v;_1, then we remove it
from the list.

Example Let us sift the following sequence of vectors in R3.

v1 = (0,0,0) vy =(1,1,1) vy = (2,2,2) vy = (1,0,0)

v = (3,2,2) ve = (0,0,0) vy = (1,1,0) vs = (0,0,1)
vi = 0, so we remove it. vo is non-zero so it stays. vy = 2vo so it is removed. vy is clearly
not a linear combination of vy, so it stays.

We have to decide next whether vy is a linear combination of vo,vy. If so, then (3,2,2) =
a1(1,1,1) + a2(1,0,0), which (fairly obviously) has the solution a; = 2, ag = 1, so remove
vs. Then vg = 0 so that is removed too.

Next we try vz = (1,1,0) = a1(1,1,1) + a2(1,0,0), and looking at the three components,
this reduces to the three equations

1 =a1 + asg; 1=ay; 0=0o;.

The second and third of these equations contradict each other, and so there is no solution.
Hence v7 is not a linear combination of va, vy, and it stays.

Finally, we need to try
vg =(0,0,1) = a1(1,1,1) + a2(1,0,0) + a3(1,1,0)
leading to the three equations

0=a1+a+ as 0=aj + as; 1l=m



and solving these in the normal way, we find a solution oy = 1,9 = 0,3 = —1. Thus we
delete vg and we are left with just va, vy4, v7.

Of course, the vectors that are removed during the sifting process depends very much on the
order of the list of vectors. For example, if vg had come at the beginning of the list rather
than at the end, then we would have kept it.

Theorem 3.5 Suppose that the vectors vi,...,v, span the vector space V. Then there is a
subsequence of vi,...,v, which forms a basis of V.
PROOF: We sift the vectors vq,...,v,. The vectors that we remove are linear combinations

of the preceding vectors, and so by Lemma 3.4, the remaining vectors still span V. After
sifting, no vector is zero or a linear combination of the preceding vectors (or it would have
been removed), so by Lemma 3.1, the remaining vectors are linearly independent. Hence they
form a basis of V. |

The theorem tells us that any vector space with a finite spanning set is finite-dimensional,
indeed the spanning set contains a basis. We now prove the dual result: any linearly inde-
pendent set is contained in a basis.

Theorem 3.6 Let V' be a vector space over K which has a finite spanning set, and suppose
that the vectors vy, ..., v, are linearly independent in V. Then we can extend the sequence
to a basis vi,...,vy, of V, where n > r.

PROOF: Suppose that wy,...,w, is a spanning set for V. We sift the combined sequence
Vi, oo oy Ve, W, o0, We

Since w1,...,w, span V, the whole sequence spans V. Sifting results in a basis for V' as in
the proof of Theorem 3.5. Since vi,...,v, are linearly independent, none of them can be
a linear combination of the preceding vectors, and hence none of the v; are deleted in the
sifting process. Thus the resulting basis contains vq,...,v,. O

Example The vectors vi = (1,2,0,2),vs = (0,1,0,2) are linearly independent in R*. Let
us extend them to a basis of R*. The easiest thing is to append the standard basis of R,
giving the combined list of vectors

V1= (1727072)7 vy = (0717072)7 W1 :(11(])070)7

Wo = (0717070)7 W3 = (0707170)7 W4:(07O707 1)7
which we shall sift. We find that (1,0,0,0) = a1(1,2,0,2) + a2(0,1,0,2) has no solution, so
w; stays. However, wo = vi — vo — W] so Wy is deleted. It is clear that wj is not a linear
combination of vi,vo, wi, because all of those have a 0 in their third component. Hence ws

remains. Now we have four linearly independent vectors, so must have a basis at this stage,
and we can stop the sifting early. The resulting basis is

V1= (1727072)7 V2 = (0717072)7 w1 = (1707070)7 W3:(070a170)'
We are now ready to prove Theorem 3.3. Since bases of V' are both linearly independent and

span V, the following proposition implies that any two bases contain the same number of
vectors.

Proposition 3.7 (The interchange lemma) Suppose that vectors vi,...,v, span'V and that
vectors wi, ..., Wy, € V are linearly independent. Then m < n.



PROOF: The idea is to place the w; one by one in front of the sequence vy, ..., v,, sifting
each time.

Since vi,...,vy, span V, wi,vy,..., Vv, are linearly dependent, so when we sift, at least one
v, is deleted. We then place wy in front of the resulting sequence and sift again. Then we
put wj in from of the result, and sift again, and carry on doing this for each w; in turn.
Since wi,...,w,, are linearly independent none of them are ever deleted. Each time we
place a vector in front of a sequence which spans V', and so the extended sequence is linearly
dependent, and hence at least one v; gets eliminated each time.

But in total, we append m vectors w;, and each time at least one v; is eliminated, so we
must have m < n. O

Corollary 3.8 Let V be a vector space of dimension n over K. Then any n vectors which
span V' form a basis of V, and no n — 1 vectors can span V.

PROOF: After sifting a spanning sequence as in the proof of Theorem 3.5, the remaining vec-
tors form a basis, so by Theorem 3.3, there must be precisely n = dim(V') vectors remaining.
The result is now clear. O

Corollary 3.9 Let V be a vector space of dimension n over K. Then any n linearly inde-
pendent vectors form a basis of V. and no n + 1 vectors can be linearly independent.

ProoOF: By Theorem 3.6 any linearly independent set is contained in a basis but by Theo-
rem 3.3, there must be precisely n = dim(V') vectors in the extended set. The result is now
clear. 0

(Remark for the observant reader: Notice that this Corollary shows that a vector space
V' cannot have both a finite and an infinite basis.)
3.4 Existence of a basis

Although we have studied bases quite carefully in the previous section, we have not addressed
the following fundamental question. Let V' be a vector space. Does it contain a basis?

Theorem 3.5 gives a partial answer that is good for many practical purposes. Let us formulate
it as a corollary.

Corollary 3.10 If a non-trivial vector space V is spanned by a finite number of vectors, then
it has a basis.

In fact, the following general theorem is true.
Theorem 3.11 Any vector space V' has a basis.

Theorem 3.11 will not be proved in this course, thus, not assessed on the exam. Its proof
requires Zorn’s lemma that would lead us too deep into axiomatic Set Theory.

While Theorem 3.5 gives an algorithm for constructing bases, Theorem 3.11 is merely an
existence theorem. For instance, the vector space of all sequences V = {(a1,a2,...) | a; € R}
has a basis by Theorem 3.11 but no such basis is explicitly known.

4 Subspaces

Let V' be a vector space over the field K.

10



Definition A subspace of V is a non-empty subset W C V such that

uveW=u+velW and veW, ae K=avell

These two conditions can be replaced with a single condition

uveWa e K=au+ pveW

A subspace W is itself a vector space over K under the operations of vector addition and
scalar multiplication in V. Notice that all vector space axioms of W hold automatically.
(They are inherited from V.)

For any vector space V, V is always a subspace of itself. Subspaces other than V are
sometimes called proper subspaces. We also always have a subspace {0} consisting of the
zero vector alone. This is called the trivial subspace, and its dimension is 0, because it has
no linearly independent sets of vectors at all.

Proposition 4.1 If Wy and Wy are subspaces of V' then so is W1 N W,

PROOF: Let u,v € Wi N Wy and o € K. Then u+ v € W (because W is a subspace)
and u + v € Wy (because Wy is a subspace). Hence u + v € Wi N W,. Similarly, we get
av € Wiy NWy, so W1 N Ws is a subspace of V. O

Warning! It is not necessarily true that W; U Wj is a subspace.

Example Let V =R? let W; = {(a,0)|a € R} and Wy = {(0,a) |a € R}. Then Wi, Wy
are subspaces of V', but W7 U Ws is not a subspace, because (1,0),(0,1) € Wy U W3, but
(1,0) 4+ (0,1) = (1,1) € W1 U Wa.

Note that any subspace of V' that contains W; and W5 has to contain all vectors of the form
u-+v forue W, veW,.

Definition Let Wy, Wy be subspaces of the vector space V. Then W; + Wy is defined to
be the set of vectors v € V such that v = wy + wo for some wy € Wi, wy € Ws. Or, if you
prefer, W1 + W = {w1 + wy |wy € Wq,wq € W5}

Do not confuse W7 + Wy with W7 U Wh,.

Proposition 4.2 If W1, Wy are subspaces of V' then so is W1+ Ws. In fact, it is the smallest
subspace that contains both W1 and Ws.

PROOF: Let u,v € Wi+ Ws. Then u = uy +us for some u; € Wy, ug € Wo and v = vy +vo
for some vi € Wy, vo € Wy, Then u+ v = (u; + vy) + (ug + vo) € Wy + Wy. Similarly, if
a € K then av = avy + avy € Wiy + W, Thus W7 + Wy is a subspace of V.

Any subspace of V' that contains both Wy and Ws must contain W7+ Ws, so it is the smallest
such subspace. O

Theorem 4.3 Let V be a finite-dimensional vector space, and let W1, Wa be subspaces of V.
Then
dim(W; + W) = dim(W7) + dim(Ws2) — dim(W, N Way).

PrOOF: First note that any subspace W of V' is finite-dimensional. This follows from Corol-
lary 3.9, because a largest linearly independent subset of W contains at most dim(V') vectors,
and such a subset must be a basis of W.

Let dim(W7; NW3) = r and let eq, ..., e, be a basis of Wi N Ws. Then eq,...,e, is a linearly
independent set of vectors, so by Theorem 3.6 it can be extended to a basis ey, ..., e, f1,..., fs
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of W1 where dim(W7) = r + s, and it can also be extended to a basis e1,...,e,,g1,...,8 of
Wa, where dim(Wa) = r 4 t.

To prove the theorem, we need to show that dim(W; + Wy) = r 4+ s + t, and to do this, we
shall show that

ely"'7e’r‘7f17-"7f87g17"'7gt
is a basis of W1 4+ Ws. Certainly they all lie in Wy + Wh.

First we show that they span Wy + Ws. Any v € Wi + W5 is equal to wi + wo for some
w1 € Wi, wo € W5, So we can write

w1 =aie; + -+ apep + Sify + -+ Bk
for some scalars «;, 3; € K, and
w2 =me1+ -+ e + 0181 + -+ 0igy
for some scalars v;,0; € K. Then
v=_(a1+y)er+ -+ (ar +y)er+ Bifi + -+ Befs + 0181 + - + digy

and so ey, ...,e., f1,... £, 21,...,8 span Wy + Wo.

Finally we have to show that e, ..., e, f1,...,fs,g1,...,g: are linearly independent. Suppose
that
arer +- -+ ape, + fify +- -+ Bofs + 0181+ +0egt = 0

for some scalars o, 35,0 € K. Then
arer + -+ arep + Sify + -+ Bsfs = 0181 — - — g (*)

The left-hand-side of this equation lies in Wj and the right-hand-side of this equation lies in
Ws. Since the two sides are equal, both must in fact lie in W7 N W5, Since eq,...,e, is a
basis of W7 N W5, we can write

—0181 — -+ — 0t = 1€+ -+ Yrer
for some v; € K, and so
7191+"'+77‘e7"+51g1+"'+5tgt:0‘

But, e1,...,e., g1,...,g: form a basis of Wy, so they are linearly independent, and hence
~vi =0 for 1 <i<randd; =0 for 1 <i <t Butnow, from the equation (x) above, we get

alel+"'+arer+ﬁlf1+"'+63fs:0'

Now eq,...,e.f,...,f form a basis of Wi, so they are linearly independent, and hence
a =0forl <i<rand g =0forl <i¢<s. Thusey...,e f,....fs8,...,8 are
linearly independent, which completes the proof that they form a basis of W71 + Wa.

Hence
dim(Wy + Wa) =r+s+t=(r+s)+ (r+t)—r=dim(Wy) + dim(Ws) — dim(W, N Wa).

|

Proposition 4.4 Let vy,...,v, be vectors in the vector space V. Then the set of all linear
combinations a1vy + agve + « - - + a, vy, of V1,..., Vv, forms a subspace of V.
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The proof of this is completely routine and will be omitted. The subspace in this proposition
is known as the subspace spanned by vi,...,vy.

Definition Two subspaces Wi, Wy of V are called complementary if Wi N Wy = {0} and
Wi+ Wy =V.

Proposition 4.5 Let W1, Wy be subspaces of V.. Then W1, Wy are complementary subspaces
if and only if each vector in v € V can be written uniquely as v = w1 + wo with wi; € W
and wo € Wy,

PRrROOF: Suppose first that Wi, Ws are complementary subspaces and let v € V. Then
W1+ Wy =V, so we can find wq € W7 and wo € Wy with v .= wy + wo. If we also had
v = w) + w) with w} € Wi, wi € Wa, then we would have w; — w} = w) — wy. The
left-hand-side lies in W7 and the right-hand-side lies in W5, and so both sides (being equal)
must lie in W7 N Wa = {0}. Hence both sides are zero, which means w; = w} and wg = w,
so the expression is unique.

Conversely, suppose that every v € V can be written uniquely as v = wq +wy with wq € Wy
and wo € Wy. Then certainly Wy + Wy = V. If v was a non-zero vector in Wi N Ws, then
in fact v would have two distinct expressions as wi + wo with wi € Wy and wo € W, one
with w; = v, wo = 0 and the other with w; = 0, wo = v. Hence W3 N Wy = {0}, and W;
and Wy are complementary. |
Examples 1. As above, let V = R? W; = {(a,0)|a € R} and Wy = {(0,a)|a € R}.
Then W7 and W are complementary subspaces.

2. As above, let V =R3 W = {(a,0,0)|a € R} and Wy = {(0,, 8) | o, B € R}. Then W
and Wy are complementary subspaces.

There are many other examples.

3. Let V=R2% W) = {(0,a)|a € R} and W5 = {(—a,a)|a € R}. Then W; and W, are
complementary subspaces.

5 Linear Transformations

When you study sets the notion of function is extremely important. There is little to say
about a single isolated set while functions allow you to link different sets. Similarly in Linear
Algebra, a single isolated vector space is not the end of the story. We have to connect
different vector spaces by functions. However, a function having little regard to the vector
space operations may be of little value.

5.1 Definition and examples

Definition Let U,V be two vector spaces over the same field K. A linear transformation
or linear map T from U to V is a function T : U — V such that

(i) T(ag +u2) =T(uy)+ T(ug) for all uj,uy € U;
(ii) T(au)=aT(u) for all « € K and u € U.

We shall usually call these linear maps (because this is shorter), although linear transforma-
tion is the standard name. Notice that the two conditions for linearity are equivalent to a
single condition

T(oug + Pug) = aT'(uy) + BT (uz) for all uj,us € U, o, f € K.

First a couple of trivial consequences of the definition:
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Lemma 5.1 Let T : U — V be a linear map. Then

(i) T(0y)=0y;

(i) T(—u)=—-T(u) foralluel.
PROOF: (1) T(OU) = T(OU + OU) = T(OU) + T(OU), SO T(OU) = 0y.
(ii) Just put @ = —1 in the definition of linear map. O
Examples Many familiar geometrical transformations, such as projections, rotations, re-
flections and magnifications are linear maps, and the first three examples below are of this

kind. Note, however, that a nontrivial translation is not a linear map, because it does not
satisfy T'(0y) = Oy .

1. Let U = R3, V = R? and define T : U — V by T((,3,7)) = (o, 3). Then T is a linear
map. This type of map is known as a projection, because of the geometrical interpretation.

(Note: In future we shall just write T'(«v, 5,7) instead of T'((«, 3,7)).)

2. Let U = V = R2. We interpret v in R? as a directed line vector from 0 to v (see the
examples in Section 2), and let T'(v) be the vector obtained by rotating v through an angle
f anti-clockwise about the origin.

T(v)

It is easy to see geometrically that T'(u; +uz) = T'(uy1) 4+ T'(uz) and T'(au) = oT'(u) (because
everything is simply rotated about the origin), and so T is a linear map. By considering the
unit vectors, we have T'(1,0) = (cos,sinf) and T'(0,1) = (—sin#, cosd), and hence

T(o,B) = aT(1,0) 4+ BT(0,1) = (acosf — Ssinf, asin @ + S cosb).

(Exercise: Show this directly.)

3. Let U = V = R? again. Now let T(v) be the vector resulting from reflecting v through a
line through the origin that makes an angle 6/2 with the z-axis.

T'(v)

/250
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This is again a linear map. We find that T'(1,0) = (cos,sinf) and T'(0,1) = (sinf, — cos ),
and so
T(a,B) =aT(1,0) + BT(0,1) = (cos @ + Bsinf,asinh — S cosh).

4. Let U = V = Riz], the set of polynomials over R, and let T' be differentiation; i.e.
T(p(z)) = p'(x) for p € R[z]. This is easily seen to be a linear map.

5. Let U = K|[x], the set of polynomials over K. Every a € K gives rise to two linear maps,
shift So : U — U, Sa(f(x)) = f(x — ) and evaluation E, : U — K, Ey(f(z)) = f(a).
The next two examples seem dull but are important!

6. For any vector space V, we define the identity map Iy : V — V by Iy (v) = v for all
v € V. This is a linear map.

7. For any vector spaces U,V over the field K, we define the zero map Oyy : U — V by
Op,v(u) = Oy for all u € U. This is also a linear map.

Proposition 5.2 (Linear maps are uniquely determined by their action on a basis.) Let U,V
be vector spaces over K, let uy,...,u, be a basis of U and let vi,..., vy be any sequence of
n vectors in V. Then there is a unique linear map T : U — V with T'(w;) = v; for 1 <i <n.

PrROOF: Let u € U. Then, since uy,...,u, is a basis of U, by Proposition 3.2, there exist
uniquely determined aq,...,a, € K with u = aju; + - - - + ayu,. Hence, if T exists at all,
then we must have

T(u) = T(a1u1 + - apuy) =avy 4+ ap v,

and so T is uniquely determined.

On the other hand, it is routine to check that the map T : U — V defined by the above
equation is indeed a linear map, so 1" does exist and is unique. O

5.2 Kernels and images

Definition Let T : U — V be a linear map. The image of T, written as im(7") is defined
to be the set of vectors v € V such that v = T'(u) for some u € U.

The kernel of T, written as ker(7T') is defined to be the set of vectors u € U such that
T(u) = Oy. Or, if you prefer:

im(T) = {T(u) |u € U}; ker(T) = {u € U|T(u) = 0y }.

Examples Let us consider Examples 1. — 6. above.

In 1., ker(T) = {(0,0,7) | v € R}, and im(7T") = R2,

In 2. and 3., ker(T) = {0} and im(T) = R2.

In 4., ker(T) is the set of all constant polynomials (i.e. those of degree 0), and im(7") = R[x].
In 5., ker(S,) = {0}, and im(S,) = K|[x], while ker(E,) is the set of all polynomials divisible
by z — a, and im(FE,) = K.

In 6., ker(ly) = {0} and im(T") = V.

In 7., ker(OUy) =U and im(OU,V) = {0}

Proposition 5.3 (i) im(7) is a subspace of V; (ii) ker(T') is a subspace of U.

PROOF: (i) We must show that im(7") is closed under addition and scalar multiplication. Let
vi,ve € im(T). Then vi = T'(uy), vy = T'(u2) for some uy,uy € U. Then

V] + Vg = T(U1) + T(u2) = T(U1 + 112) € im(T); avy] = OzT(ul) = T(aul) € im(T),
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so im(T") is a subspace of V.
(ii) Similarly,we must show that ker(7") is closed under addition and scalar multiplication.
Let uy,ug € ker(7"). Then

T(u1 + UQ) = T(OU + OU) = T(OU) = Oy; T(aul) = OéT(lll) = a0y = 0y,

so uy + ug, au; € ker(7T') and ker(7T) is a subspace of U. O
5.3 Rank and nullity

Definition

(i) dim(im(7)) is called the rank of T’
(ii) dim(ker(7)) is called the nullity of T

Theorem 5.4 (The Dimension Theorem) Let U,V be vector spaces over K with U finite-
dimensional, and let T : U — V' be a linear map. Then

dim(im(7)) 4+ dim(ker(7")) = dim(U); i.e. rank(7) + nullity(7") = dim(U).

PROOF: Since U is finite-dimensional and ker(7") is a subspace of U, ker(7') is finite-dimensional.
Let nullity(T") = s and let eq,...,es be a basis of ker(T"). By Theorem 3.6, we can extend
e1,...,es toabasiser,..., e f1,... f. of U. Then dim(U) = s+ r, so to prove the theorem
we have to prove that dim(im(7")) =

Clearly T'(e1),...,T(e ) ( f1),...,T(f.) span im(T"), and since T'(e;) = --- = T'(es) = Oy
this implies that T(fl) (fT) span im(T"). We shall show that T'(f;), ..., T(f;) are linearly
independent.

Suppose that, for some scalars «;, we have
Ole(fl) 4+ -+ arT(fT) = 0y.

Then T'(a1f; + -+ - + apf,) = Oy, so agf; + -+ + . f, € ker(T). But eq,...,es is a basis of
ker(7T), so there exist scalars (; with

arfy + -+ apf, = pre1 + -+ Bses = aufy + -+ by — frer — - — Bse = 0p.
But we know that eq,...,es, f1,...,f. form a basis of U, so they are linearly independent,
and hence
ar=--=a =0 =-=p=0,

and we have proved that T'(f;),...,T(f,) are linearly independent.

Since T'(f1),...,T(f;) both span im(7) and are linearly independent, they form a basis of
im(U), and hence dim(im(7")) = r, which completes the proof. O

Examples Once again, we consider Examples 1 — 7 above. To deal with finite-dimensional
spaces we restrict to an (n+1)-dimensional space K [r]<, in Examples 4 and 5, that is, we con-
sider T : R[z]<y, — R[z]<p, Sq : K[z]<p — K[z]<pn, and E, : K[z]<, — K correspondingly.
Let n = dim(U) = dim(V) in 5. and 6.

Example | rank(7) | nullity(7) | dim(U) Example | rank(7) | nullity(7) | dim(U)
1. 2 1 3 5. 5, n+1 0 n+1
2. 2 0 2 5. E, 1 n n+1
3. 2 0 2 6. n 0 n

4 n 1 n+1 7. 0 n n
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Corollary 5.5 Let T : U — V be a linear map, where dim(U) = dim(V) = n. Then the
following properties of T' are equivalent:
(i) T is surjective;
(ii) rank(T)=n;
(iii) nullity(7) = 0;
(iv) T is injective;
(v) T is bijective;

PrOOF: T is surjective < im(T) = V, so clearly (i) = (ii). But if rank(7) = n, then
dim(im(7")) = dim(V') so (by Corollary 3.9) a basis of im(7") is a basis of V, and hence
im(T) = V. Thus (i) < (ii).

(i) < (iii) follows directly from Theorem 5.4.

nullity (7)) = 0 < ker(T') = {0} so clearly (iv) = (iii). If ker(7) = {0} and T'(u;) = T'(uz)
then T'(u; —uz) = 0, so u; — uy € ker(7T") = {0}, which implies u; = up and T is injective.
Thus (iii) < (iv). (In fact, (iii) < (iv) is true for any linear map 7.)

Finally, (v) is equivalent to (i) and (iv), which are equivalent to each other. O

Definition If the conditions in the above corollary are met, then T is called a non-singular
linear map. Otherwise, T is called singular. Notice that the terms singular and non-singular
are only used for linear maps T : U — V for which U and V have the same dimension.

5.4 Operations on linear maps
We define the operations of addition, scalar multiplication, and composition on linear maps.
Let 71 : U = V and Ty : U — V be two linear maps, and let a € K be a scalar.

Addition: We define a map 71 + T : U — V by the rule (71 + T»)(u) = T1(u) + T>(u) for
ucU.

Scalar multiplication: We define a map a7 : U — V by the rule (o17)(u) = oT7(u) for
ucU.

Now let 77 : U — V and T : V. — W be two linear maps.

Composition: We define a map ToT) : U — W by (T2T1)(u) = To(Ti(u)) for u € U. In
particular, we define 72 = T'T and T°+! = T*T for i > 2.

It is routine to check that T} + 15, oT1 and 15T} are themselves all linear maps.

Furthermore, for fixed vector spaces U and V over K, the operations of addition and scalar
multiplication on the set Homg (U, V) of all linear maps from U to V makes Homg (U, V)
into a vector space over K.

A vector space U* = Hompg (U, K) plays a special role. It is often called the dual space or the
space of covectors. One can think of coordinates as elements of U*. Indeed, let e; be a basis
of U. Every x € U can be uniquely written as

X=aaie1 +...axe,, o; € K.

The elements a; depend on x as well as on a choice of the basis, so for each ¢ one can write
the coordinate function
e:U— K, ex)=aq.

It is routine to check that e’ is a linear map.
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6 Matrices

The material in this section will be familiar to many of you already.

Let K be a field and m,n € N. An m X n matrix A over K is an m X n rectangular array
of numbers (i.e. scalars) in K. The entry in row ¢ and column j is usually written a;;. (We
use the corresponding Greek letter.) We write A = (a;) to make things clear.

For example, we could take
2 -1 —m 0
K=R, m=3 n=4, A= 3 -3/2 0 6 |,
-1.23 0 1019 0

and then a3 = —m, ags = 100, agy = 0, ete.

Addition of matrices. Let A = («;;) and B = (8;;) be two m x n matrices over K. We
define A+ B to be the m x n matrix C' = (v;;), where ;; = a;j + 5 for all i, j. For example,

1 3 -2 -3 -1 -0
(o2)+(72)=(1 2)
Scalar multiplication. Let A = (a;;) be an m x n matrix over K and let § € K be a scalar.
We define the scalar multiple SA to be the m x n matrix C' = (v;5), where v;; = Bay; for all
1,7.
Multiplication of matrices. Let A = («;;) be an I X m matrix over K and let B = (f3;;) be

an m x n matrix over K. The product AB is an [ x n matrix C' = (v;;) where, for 1 <i <1
and 1 <j <n,
m
Yij = Z QikBrj = i1 By + iaBaj + -+ Qi Bmy-
k=1
It is essential that the number m of columns of A is equal to the number of rows of B.

Otherwise AB makes no sense. If you are familiar with scalar products of vectors, note also
that 7;; is the scalar product of the i-th row of A with the j-th column of B.

For example, let

2 6
i (2E) e
1 9
Then
g [(2X243x34+4x1 2x6+3x2+4x9 ) _ (17 54
T\l 1x246x34+2x1 1x64+6x2+2x9 )\ 22 36 )’
10 42 20
BA = 8 21 16
11 57 22
2 31
LetC:(6 9 9>. Then AC and CA are not defined.

1 2 . 4 15 8
LetD(O 1).ThenADlsnotdeﬁned,butDA(1 6 2).

Proposition 6.1 Matrices satisfy the following laws whenever the sums and products in-
volved are defined:
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) A+ B=DB+A;
(i) (A+ B)C = AC + BC;
(111) C(A+B)=CA+CB;
) (M)B = A(AB) = A(AB);
) (AB)C = A(BC).

PROOF: These are all routine checks that the entries of the left-hand-sides are equal to the
corresponding entries on the right-hand-side. Let us do (v) as an example.

Let A, B and C be [ x m, m x n and n X p matrices, respectively. Then AB = D = (§;5)
is an | X n matrix with §;; = Yo" ®isfsj, and BC = E = (g;5) is an m x p matrix with
gij = Y p—y Bivj. Then (AB)C = DC and A(BC) = AE are both [ x p matrices, and we
have to show that their coefficients are equal. The (4, j)-coefficient of DC'is

n m
Z 5it7tj = Z Z azsﬂst Ttj = Z Qs Z Bstfytj Z QjsEsj
t=1 s=1

t=1 s=1
which is the (i, j)-coefficient of AE. Hence (AB)C = A(BC). O

The zero and identity matrices. The m x n zero matriz 0,,, over any field K has all of
its entries equal to 0.

The n x n identity matriz I, = (oy;) over any field K has a;; =1 for 1 <i < n, but a;; =0
when ¢ # j. For example,

Lo 100
I = (1), 12:(0 1), I=|010
00 1

Note that I,A = A for any n x m matrix A and Al, = A for any m X n matrix A.

Row and column vectors. The set of all m x n matrices over K will be denoted by K""".
Note that K" " is itself a vector space over K using the operations of addition and scalar
multiplication defined above, and it has dimension mn. (This should be obvious - is it?)

A 1 x n matrix is called a row vector. We will regard K™ as being the same as K.

A n x 1 matrix is called a column vector. We will denote the the space K™! of all column
vectors by K™!. In matrix calculations, we will use K™! more often than K™.

7 Linear Transformations and Matrices

We shall see in this section that, for fixed choice of bases, there is a very natural one-one
correspondence between linear maps and matrices, such that the operations on linear maps
and matrices defined in Chapters 5 and 6 also correspond to each other. This is perhaps the
most important idea in linear algebra, because it enables us to deduce properties of matrices
from those of linear maps, and vice-versa.

7.1 Setting up the correspondence

Let T : U — V be a linear map, where dim(U) = n, dim(V') = m. Choose a basis ey, ..., e,
of U and a basis fi,...,f,, of V.

Now, for 1 < j <n, T(ej) € V, so T(e;) can be written uniquely as a linear combination of
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fi,...,f,. Let

T(e1) = anfi+anfe+--+amifn
T(e2) = oaiofi + aofo + -+ amafn
T(en> = oipfi +agpfo + -+ appty,

where the coefficients «;; € K (for 1 <i<m, 1<j<n)are uniquely determined. In other
words,

m
T(ej) = Zaijfi for1 <j<n.
i=1

The coefficients «;; form an m x n matrix

a1 19 e A1n
A= Q921 29 . A2n
Aml1 Om2 ... Omn

over K. Then A is called the matrix of the linear map T with respect to the chosen bases of
U and V. In general, different choice of bases gives different matrices. We shall address this
issue later in the course, in Section 11.)

Notice the role of individual columns in A The j-th column of A consists of the coefficients
of fl in T(ej).

Theorem 7.1 Let U,V be vector spaces over K of dimensions n,m, respectively. Then,
for a given choice of bases of U and V, there is a one-one correspondence between the set
Hompg (U, V) of linear maps U — V and the set K™" of m x n matrices over K.

PRrROOF: As we saw above, any linear map T : U — V determines an m X n matrix A over K.

Conversely, let A = («;;) be an m x n matrix over K. Then, by Proposition 5.2, there is
just one linear T : U — V with T'(e;) = > " a;f; for 1 < j < n, so we have a one-one
correspondence. O

Examples Once again, we consider our examples from Section 5.

1. T:R3 = R2 T(a,B,7) = (o, B). Usually, we choose the standard bases of K™ and K™,
which in this case are e = (1,0,0), ez = (0,1,0), e3 = (0,0,1) and f; = (1,0), f5 = (0,1).
We have T'(e1) = fi, T'(e2) = f2), T'(e3) = 0, and the matrix is

1 00
010/
But suppose we chose a different basis, say e; = (1,1,1), = (0,1,1), es = (1,0,1),

fi = (0,1), f» = (1,0). Then we have T(e;) = (1,1) = fi —i—fQ, T(ep) = (0,1) = fi,
T(e3) = (1,0) = f5, and the matrix is

1 10

10 1)

2. T : R? - R?, T is a rotation through @ anti-clockwise about the origin. We saw that
T(1,0) = (cosf,sinf) and T(0,1) = (—siné, cosf), so the matrix using the standard bases is

cos —sinf
sin 6 cosf |-
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3. T :R? - R? T is a reflection through the line through the origin making an angle /2
with the z-axis. We saw that 7(1,0) = (cosé,sinf) and T'(0,1) = (sinf,—cosf), so the
matrix using the standard bases is

cost sin 6

sinf —cosf )

4. This time we take the differentiation map T from R[z]<,, to R[z]<,—1. Then, with respect
to the bases 1,z,22,...,2" and 1,z,22,...,2" ! of R[z]<, and R[x]<,_1, respectively, the
matrix of T is

010 0
0 0 2 0
0 00 3 0
0 00 n—1 0
0 00 n

5. Let S, : K[r]<, — K|r]<, be the shift. With respect to the basis 1,z,22,..., 2" of
K|[z]<p, we calculate S, (z") = (x — a)™. The binomial formula gives the matrix of Sy,

1 —a ao? (=1)"a”

0 1 —2a e (=1 tpan-t
00 1 3 .. (-pr2nedn-
0 0 0 o1 —no

0 0 0 1

In the same basis of K[z]<, and the basis 1 of K, E,(z") = a". The matrix of E, is

laa® - - a"ta"

6. T : V — V is the identity map. Notice that U = V in this example. Provided that we
choose the same basis for U and V, then the matrix of T" is the n x n identity matrix I,,. We
shall be considering the situation where we use different bases for the domain and range of
the identity map in Section 11.

7. T :U — V is the zero map. The matrix of T is the m X n zero matrix 0,,,.

For the given basis eq,...,e, of U and a vector u = \je; +---+ A\,e, € U, let u denote the
column vector
A1
A2
c Kn,l
An

and similarly, for the given basis f1,...,f, of V and a vector v = p1f1 + - + pmfn € V, let
v denote the column vector
H1

12
e K™,

Hm
Proposition 7.2 Let T : U — V be a linear map with matrizc A = (a;j). Then T'(u) = v if

and only if Au=v.
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PRrooOF: We have

n

= T(Z Ajej) = Z/\J-T(ej) = Z N ayify) = Z( airj)fi = Zﬂifi»
i=1 j=1 j=1 i=1

=1 i=1 j=1

where p; = Z?Zl a;\; is the entry in the i-th row of the column vector Au. This proves the
result. O

7.2 The correspondence between operations on linear maps and matrices

Let U, V and W be vector spaces over the same field K, let dim(U) = n, dim(V) = m,
dim(W) = [, and choose fixed bases ey, ...,e, of U and fi,...,f,, of V, and g1,...,g of W.
All matrices of linear maps between these spaces will be written with respect to these bases.

Addition. Let T1,T5 : U — V be linear maps with m x n matrices A, B respectively. Then
it is routine to check that the matrix of 77 + 15 is A + B.

Scalar multiplication. Let T : U — V be a linear map with m x n matrices A and let
A € K be a scalar. Then again it is routine to check that the matrix of AT is AA.

Note that the above two properties imply that the natural correspondence between linear
maps and matrices is actually itself a linear map from Homg (U, V') to K™".

Composition of linear maps and matrix multiplication. This time the correspondence
is less obvious, and we state it as a theorem.

Theorem 7.3 Let Ty : V. — W be a linear map with | x m matric A = (o) and let
Ty : U =V be a linear map with m x n matrix B = (Bi;). Then the matriz of the composite
map T1Ty : U — W is AB.

PROOF: Let AB be the [ x n matrix (;;). Then by the definition of matrix multiplication,
we have 7, = Z;"Zl ;B for 1 <i <11 <k <n.

Let us calculate the matrix of T175. We have

T1T2 ek =T Z/Bjkf Z/Bjle Zﬁ]k Zamgz = Z ZO[’L]B]]C gz = Z’szgu

=1 j=1

so the matrix of 7175 is (v;x) = AB as claimed. O
Examples

1. Let Ry : R?2 — R? be a rotation through an angle § anti-clockwise about the origin. We

cosf) —siné
sin 0 cos 0 ) . Now clearly

Ry followed by Ry is equal to Rg44. We can check the corresponding result for matrices:

<cos¢ —singb)(cos@ —sin9>_<cos¢cos€—sin¢sin0 —cosqﬁsinﬁ—sinqﬁcos@)

sing  cos¢ sin 6 cos sin¢gcosf + cospsinf — sin ¢ sin 6 + cos ¢ cos

have seen that the matrix of Ry (using the standard basis) is (

_ ( cos(¢p+0) —sin(¢p + 0) >
sin(p+6) cos(p+6) )

Note that in this case T1 Ty = T5T7.

2. Let Ry be as in Example 1, and let My : R?> — R? be a reflection through a line
through the origin at an angle /2 to the z-axis. We have seen that the matrix of Mjy is
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sinf —cosf
be easier (for some people) to work it out using the matrix multiplication! We have

<cosd> Siﬂd))(COSH —Siﬂ@) _ <cosd)cos€+sin¢sin9 —CosqﬁsinQ—l—singbcosH)

sing —cos¢ sinf  cosf /] \singcosf — cosgpsinf —sin¢psinh — cos ¢ cosb

( cos sin 0 ) . What is the effect of doing first Ry and then My? In this case, it might

- (mtezg) e,

which is the matrix of My_g.
We get a different result if we do first My and then Ry. What do we get then?

7.3 Linear equations and the inverse image problem

The study and solution of systems of simultaneous linear equations is the main motivation
behind the development of the theory of linear algebra and of matrix operations. Let us
consider a system of m equations in n unknowns x1,xs2...Zy,, m,n > 1.

anzy + opry + -+ oapx, = B
a1 +  axr2 + - 4+ aopx, = [ (1)
am1T1 + Qamers + 0+ Ty = ﬁm

All coefficients «;; and ; belong to K. Solving this system means finding all collections
Z1,%2...x, € K such that the equations (1) hold.

Let A = (a;5) € K™" be the m x n matrix of coefficients. The crucial step is to introduce
the column vectors

T Bl
T2 B2

X = . c K™ and b= ) c K™,
Tn Bm

This allows us to rewrite system (1) as a single equation
Ax=Db (2)

where the coefficient A is a matrix, the right hand side b is a vector in K™! and the unknown
x is a vector K™,

Using the notation of linear maps, we have just reduced solving a system of linear equations
to the inverse image problem. That is, given a linear map T : U — V, and a fixed vector
v € V, find all u € U such that T'(u) = v.

In fact, these two problems are equivalent! In the opposite direction, let us first forget all
about A, x and b. Then we choose bases in U and V and denote a matrix of T' in these
bases by A, the row vector of coordinates u by x and the row vector of coordinates v by b.
Proposition 7.2 says that T'(u) = v if and only if Ax = b. This reduces the inverse image
problem to solving a system of linear equations.

Let us make several easy observations about the inverse image problem.

The case when v = 0 or, equivalently when 8; = 0 for 1 < ¢ < m, is called the homogeneous
case. Here the set of solutions is {u € U |T'(u) = 0}, which is precisely the kernel ker(7") of
T. The corresponding set of column vectors x € K™! with Ax = 0 is called the nullspace of
the matrix A. So the nullity of A is the dimension of its nullspace.
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In general, it is easy to see that if x is one solution to a system of equations, then the complete
set of solutions is equal to
x + nullspace(A) = {x +y |y € nullspace(A4)}.

It is possible that there are no solutions at all; this occurs when v ¢ im(7). If there are
solutions, then there is a unique solution precisely when ker(7') = {0}, or equivalently when
nullspace(A) = {0}. If the field K is infinite and there are solutions but ker(7") # {0}, then
there are infinitely many solutions.

Now we would like to develop methods for solving the inverse image problem.

8 Elementary Operations and the Rank of a Ma-
trix

8.1 Gauss transformations

There are two standard high school methods for solving linear systems: the substitution

method (where you express variables in terms of the other variables and substitute the result

in the remaining equations) and the elimination method (sometimes called the Gauss method).

The latter is usually more effective, so we would like to contemplate its nature. Let us recall
how it is done.

Examples

1. 2r+y = 1 (1)
dr+2y = 1 (2)

Replacing (2) by (2) — 2 x (1) gives 0 = 1. This means that there are no solutions.

2. 24y = 1 (1)
de+y = 1 (2)

Replacing (2) by (2) — (1) gives 22 = 0. Replacing (1) by (1) —2 x (new 2) gives y = 1. Thus,

(0,1) is a unique solution.

3. 2r+y = 1 (1)
dr+2y = 2 (2)

This time (2) — (1) gives 0 = 0, so (2) is redundant.

After reduction, there is no equation with leading term g, which means that y can take on
any value, say 2« (where the 2 is just to avoid fractions). The first equation determines z in
terms of y, giving © = 1—a, so the general solution is (z,y) = (1—a«, 2a); there are infinitely
many solutions.

(1,0), and the general solution can be written as

Notice also that one solution is (z,y) =
—1,2) is the solution of the corresponding homogeneous

(z,y) = (1,0) + a(—1,2), where of
system 2z +y = 0; 4x + 2y = 0.

4. r + oy + oz =1 (1)
r + z = 2 (2)
r —y + z =3 (3)
3r + y + 3z = 5 (4)

Now replacing (2) by (2) — (1) and then multiplying by —1 gives y = —1. Replacing (3) by
(3) — (1) gives —2y = 2, and replacing (4) by (4) — 3(1) also gives —2y = 2. So (3) and (4)
both then reduce to 0 = 0, and they are redundant.
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z does not occur as a leading term, so it can take any value, say «, and then (2) gives y = —1
and (1) gives z =1 —y — z = 2 — @, so the general solution is

(z,y,2) = (2—a,—1,a) =(2,-1,0) + a(—1,0,1).

8.2 Elementary row operations

Many types of calculations with matrices can be carried out in a computationally efficient
manner by the use of certain types of operations on rows and columns. We shall see little
later that these are really the same as the operations used in solving sets of simultaneous
linear equations.

Let A be an m x n matrix over K with rows ri,rs,...,r,, € K'" . The three types of
elementary row operations on A are defined as follows.

(R1) For some i # j, add a multiple of r; to r;.

319 s 31 9
I, r3—or
Example: 4 6 7 P ,1 4 6 7
2 5 8 -7 2 —-19
(R2) Interchange two rows
(R3) Multiply a row by a non-zero scalar.
2 05 o 2 0 5
r I
Example: | 1 -2 3 | 2772 | 4 -8 12
5 1 2 5 1 2

8.3 Augmented Matrix

We would like to make the process of solving more mechanical by forgetting about the variable
names w, T, ¥, z, etc. and doing the whole operation as a matrix calculation. For this, we
use the augmented matriz of the system of equations, which for the system Ax = 8 of m

equations in n unknowns, where A is the m x n matrix (ay;) is defined to be the m x (n+ 1)
matrix

a1 12 cee qln ﬁl

a1 929 . a9 2
Y n| B

aml1 Om2 ... Omn 5m

The vertical line in the matrix is put there just to remind us that the rightmost column
is different from the others, and arises from the constants on the right hand side of the
equations.

Let us look at the following system of linear equations over R, that is, we want to find all
w, x,y, 2 € R satisfying the equations.

2w - T + 4y — 2z = 1
w + 2z + y + z = 2

w — 3xr + 3y — 2z = -1
3w — x — By = -3

Elementary row operations on A are precisely Gauss transformations of the corresponding
linear system. Thus, the solution can be carried out mechanically as follows:

25



Matrix Operation

2 -1 4 -1 1
1 2 1 1 2
1 -3 3 —2|-1 Ty r1/2
-3 -1 -5 0] —3
1 —1/2 2 —1/2|1/2
1 2 L 1 2 — Ty — — r3 — —rs+3
1 _3 3 _9 | 1 ro —-ro—ry, s —r3—ry, Iy —1rIy r]
-3 -1 -5 0| -3
1 —1/2 2 —1/2 1/2
0 5/2 ~1 3/2 3/2 rs —r3—+ro, ry —>rg4+r
0 —5/2 1 —3/2|-3/2 oSSR M2
0 —5/2 1 =3/2|-3/2
1 -1/2 2 —1/2|1/2
0 5/2 —1 3/2(3/2
0 0 0 0 0 r2—>2r2/5
0 0 0 0 0
1 -1/2 2 —1/2|1/2
0 1 -2/5 3/5(3/5
0 0 0 0 0 I‘1—>I‘1—|—I‘2/2
0 0 0 0 0
1 0 9/5 —1/5|4/5
0 1 -2/5 3/513/5
0 0 0 0 0
0 0 0 0 0

The original system has been transformed to the following equivalent system, that is, both
systems have the same solutions.

w + 9y/5 — z/b = 4/5
{:c — 2y/5 + 32/5 = 3/5

In the latter system, variables y and z can take arbitrary values in R in the solution set; say
y = «a, z = . Then equations tell us that w = —=9a/5+ /5+4/5 and x = 2a,/5—35/5+3/5
(be careful to get the signs right!), and so the complete set of solutions is
(w,z,y,2) = (—9a/5+ B/5+4/5,2a/5—35/543/5,a,p)
= (4/5,3/5,0,0) + a(—=9/5,2/5,1,0) + B(1/5,-3/5,0,1).

8.4 Row reduction a matrix

Let A = (ai;) be an m x n matrix over the field K. For the i-th row let a; .(; be the first
(leftmost) non-zero entry in this row. In other words, a; ;) # 0 while a;; = 0 for all j < c(i).
By convention, ¢(i) = oo if a;; = 0 for all j.

After applying this procedure, the resulting matrix A = (a;;) has the following properties.
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(i) All zero rows are below all non-zero rows.
(ii) Let ry,...,rs be the non-zero rows. Then each r; with 1 < ¢ < s has 1 as its first
non-zero entry. (In other words, a; .; = 1.)
(ili) e(1) <e(2) <--- < efs).
(iv) ages) = 0 for all k > .

Definition A matrix satisfying these properties is said to be in upper echelon form.
There is a stronger version of the last property

(V) ey =0 for all k # i.

Definition A matrix satisfying properties (i), (ii), (iii), and (v) is said to be in row reduced
form.

An upper echelon form of a matrix will be used later to calculate the rank of a matrix. The
row reduced form (the use of the definite article is intended: this form is, indeed, unique,
though we shall not prove this) is used to solve systems of linear equations. In this light,
the following theorem says that every system of linear equations can be solved by the Gauss
(Elimination) method.

Theorem 8.1 FEvery matriz can be brought to row reduced form by elementary row transfor-
mations.

PrRoOOF: We describe an algorithm to achieve this. For a formal proof, we have to show:

(i) after termination the resulting matrix has a row reduced form;
(ii) the algorithm terminates after finitely many steps.

Both of these statements are clear from the nature of the algorithm. Make sure that you
understand why they are clear!

At any stage in the procedure we are looking at the entry c;; in a particular position (i, 5)
of the matrix. (¢,7) is called the pivot position, and oy; the pivot entry. We start with
(i,7) = (1,1) and proceed as follows.

1. If o; and all entries below it in its columns are zero (i.e. if ay; = 0 for all k > ), then

move the pivot one place to the right, to (i,j + 1) and repeat Step 1, or terminate if

j=n.

If a;; = 0 but ay; # 0 for some £ > ¢ then apply (R2) and interchange r; and ry.

At this stage a;; # 0. If a; # 1, then apply (R3) and multiply r; by a;jl.

4. At this stage o;; = 1. If, for any & # ¢, ag; # 0, then apply (R1), and subtract ay;
times r; from rg.

5. At this stage, ay; = 0 for all £ # ¢. If i = m or j = n then terminate. Otherwise, move
the pivot diagonally down to the right to (i + 1,5 + 1), and go back to Step 1.

Sl

O
If one needs only an upper echelon form, this can done faster by replacing steps 4 and 5 with
weaker and faster steps as follows.

4a. At this stage a;; = 1. If, for any k£ > 4, oy # 0, then apply (R1), and subtract ay;
times r; from ry,.

5a. At this stage, ap; = 0 for all k > 4. If i = m or j = n then terminate. Otherwise, move
the pivot diagonally down to the right to (i + 1,j + 1), and go back to Step 1.

In the example below, we find an upper echelon form of a matrix by applying the faster
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algorithm. The number in the ‘Step’ column refers to the number of the step applied in the
description of the procedure above.

0 01 2 1
2 4 2 —4 2
Example A= 3 6 3 -6 3
1 2 3 3 3
Matrix Pivot Step Operation
0 01 2 1
2 4 2 —4 2
36 3 —6 3 (1, 1) 2 Ty <> T2
1 2 3 3 3
2 4 2 —4 2
0 01 2 1
36 3 -6 3 (1,1) 3 I‘1—>I‘1/2
1 2 3 3 3
1 21 -2 1
0 01 2 1 rs — r3 — 3r;
3 6 3 -6 3 (171) 4 ry —-r4 —1r;
1 2 3 3 3
1 21 -2 1
0 01 2 1
00 0 0 0 (1,1) = (2,2) —» (2,3) 5,1
0 0 2 5 2
1 21 -2 1
0 01 2 1
00 0 0 0 (2,3) 4 ry — T4 — 2ro
0 0 2 5 2
Matrix Pivot Step Operation
1 21 -2 1
0 01 2 1
00 0 00 (2,3) — (3,4) 5, 2 r3 <> Iy
0 0O 10
1 21 -2 1
0 01 2 1
00 0 1 0o (3,4) — (4,5) -> stop 5,1
0 0 0 0 0

8.5 Elementary column operations

In analogy to elementary row operations, one can introduce elementary column operations.
Let A be an m X n matrix over K with columns ¢y, co,...,c, as above. The three types of
elementary column operations on A are defined as follows.

(C1) For some 7 # j, add a multiple of c; to c;.
319 Cens 31 0
Example: [ 4 6 7 | 222" 4 6 -5
2 5 8 2 5 2
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(C2) Interchange two columns.

(C3) Multiply a column by a non-zero scalar.

2 05 o 2 05

C C
Example: 1 -2 3 2_2 1 -8 3
5 1 2 5 4 2

Elementary column operations change a linear system and cannot be applied to solve a system
of linear equations. However, they are useful for reducing a matrix to a very nice form.

Theorem 8.2 By applying elementary row and column operations, a matriz can be brought

into the block form
( Is ‘ Os,n—s >
Om—s,s ‘ Om—s,n—s ’

where, as in Section 6, I; denotes the s X s identity matriz, and Oy the k X | zero matrix.

PROOF: First, use elementary row operations to reduce A to row reduced form.

Now all @; .(;y = 1. For each a;; # 0 with j # (i), replace ¢; with ¢; — ajjc.(;)-

Finally the only nonzero entries of our matrix are a; ;) = 1. Now for each number ¢ starting
from ¢ = 1, exchange ¢; and c ;. O
Definition The matrix in Theorem 8.2 is said to be in row and column reduced form, which
is more usually called Smith normal form.

Let us look at an example of the second stage of procedure, that is, after reducing the matrix
to the row reduced form.

Matrix Operation
1 2 0 01
001 0 2 Cy — Cy — 2Cq
00 0 1 3 C; — C5 — C1
0 00O0O
10 0 00
001 0 2 Co <> C3
00 0 1 3 C; — C5 — 3C4
00000
10 0 00
01 0 0 2 C3 <> Cy4
00 010 C5; —> C5 — 2¢Co
00000
1 00 0O
01 00O
00100
0 00O0O

Now we would like to discuss the number s that appears in Theorem 8.2. Does the initial
matrix uniquely determine this number?

8.6 The rank of a matrix

Let T : U — V be a linear map, where dim(U) = n, dim(V) = m. Let eq,...,e, be a basis
of U and let fy,...,f,, be a basis of V.
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Recall from Section 5.3 that rank(7) = dim(im(7")).

Now im(T) is spanned by the vectors T'(ei1),...,T(e,), and by Theorem 3.5, some sub-
set of these vectors forms a basis of im(7"). By definition of basis, this subset has size
dim(im(7")) = rank(7), and by Corollary 3.9 no larger subset of T'(e;),...,T(e,) can be
linearly independent. We have therefore proved:

Lemma 8.3 rank(7) is the size of the largest linearly independent subset of T'(e1),...,T(ey).

Now let A be an m x n matrix over K. We shall denote the m rows of A, which are row

vectors in K™ by ry,ro,...,ry, and similarly, we denote the n columns of A, which are
column vectors in K™! by ¢, ca,...,Cp.
Definition

(i) The row-space of A is the subspace of K™ spanned by the rows ry,...,r, of A. The row
rank of A is equal to the dimension of the row-space of A. Equivalently, by the argument
above, the row rank of A is equal to the size of the largest linearly independent subset of
ry,...,I'm.

(i) The column-space of A is the subspace of K™! spanned by the columns cy,...,c, of
A. The column rank of A is equal to the dimension of the column-space of A. Equivalently,
by the argument above, the column rank of A is equal to the size of the largest linearly
independent subset of cq,...,c,.

There is no obvious reason why there should be any particular relationship between the row
and column ranks, but in fact it will turn out that they are always equal. First we show that
the column rank is the same as the rank of the associated linear map.

Theorem 8.4 Suppose that the linear map T has matriz A. Then rank(T) is equal to the
column rank of A.

PrOOF: As we saw in Section 7.1, the columns ci,...,c, of A are precisely the vectors
T(e1),..., T(e,) written as column vectors. The result now follows directly from Lemma 8.3.
O

Example

1 2 0 1 1 ry

A= 2 4 1 3 0 )
4 8 0 4 4 r3
Ci C2 C3 C4 Cjy

We can calculate the row and column ranks by applying the sifting process (described in
Section 3) to the row and column vectors, respectively.
Doing rows first, r; and ro are linearly independent, but r3 = 4rq, so the row rank is 2.

Now doing columns, co = 2c1, ¢4 = ¢1 4+ ¢3 and ¢c;5 = ¢; — 2cg, so the column rank is also 2.

Theorem 8.5 Applying (R1), (R2) or (R3) to a matrix A does not change the row or column
rank of A. The same is true for (C1), (C2) and (C3).

PrROOF: The row rank of A is the dimension of the row-space of A, which is the space of
linear combinations Airy + - -+ + Ay of the rows of A. It is easy to see that (R1), (R2)
and (R3) do not change this space, so they do not change the row-rank. (But notice that the
scalar in (R3) must be non-zero for this to be true!)
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The column rank of A = (ay;) is the size of the largest linearly independent subset of
Ci,...,Cn. Let {c1,...,cs} be some subset of the set {ci,...,c,} of columns of A. (We
have written this as though the subset consisted of the first s columns, but this is just to
keep the notation simple; it could be any subset of the columns.)

Then cy,...,cs are linearly dependent if and only if there exist scalars z1,...,xs € K, not
all zero, such that xici + xoco + - -+ + x5 = 0. If we write out the m components of this
vector equation, we get a system of m simultaneous linear equations in the scalars x; (which
is why we have suddenly decided to call the scalars x; rather than \;).

1171 + @122 + -+ -+ Q15T

a21%1 + 2T + -+ - + QosTs =

Qp1T1 + Q222 + -+ + apmsts = 0

Now if we perform (R1), (R2) or (R3) on A, then we perform the corresponding operation on
this system of equations. That is, we add a multiple of one equation to another, we interchange
two equations, or we multiply one equation by a non-zero scalar. None of these operations
change the set of solutions of the equations. Hence if they have some solution with the x; not
all zero before the operation, then they have the same solution after the operation. In other
words, the elementary row operations do not change the linear dependence or independence
of the set of columns {ci,...,cs}. Thus they do not change the size of the largest linearly
independent subset of cq,...,c,, so they do not change the column rank of A.

The proof for the column operations (C1), (C2) and (C3) is the same with rows and columns
interchanged. O

Corollary 8.6 Let s be the number of non-zero rows in the Smith normal form of a matrix
A (see Theorem 8.2). Then both row rank of A and column rank of A are equal to s.

PROOF: Since elementary operations preserve ranks, it suffices to find both ranks of a matrix
in Smith normal form. But it is easy to see that the row space is precisely the space spanned
by the first s standard vectors and hence has dimension s. Similarly the column space has
dimension s. |

In particular, Corollary 8.6 establishes that the row rank is always equal to the column rank.
This allows us to forget this distinction. From now we shall just talk about the rank of a
matrix.

Corollary 8.7 The rank of a matriz A is equal to the number of non-zero rows after reducing
A to upper echelon form.

PROOF: The corollary follows from the fact that non-zero rows of a matrix in upper echelon
form are linearly independent.

To see this, let rq,...,rs be the non-zero rows, and suppose that Airy +--- 4+ Asrs = 0. Now
r; is the only row with a non-zero entry in column ¢(1), so the entry in column ¢(1) of the
vector A\iry + - + Asrg is A1, and hence A\ = 0.

But then ry is the only row rj with £ > 2 with a non-zero entry in column ¢(2) and so the
entry in column ¢(2) of the vector Agra + -+ 4+ Asrg is Ag, and hence A2 = 0. Continuing in
this way (by induction), we find that Ay = Ay = --- = Ay =0, and so ry,...,rg are linearly
independent, as claimed. o
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Corollary 8.7 give the most efficient way of computing the rank of a matrix. For instance, let

1 2 011
uslookat A= 2 4 1 3 0
4 8 1 5 2
Matrix Operation
12011 o py 9
24130 o
481 5 2 S
1201 1
0011 =2 rs —-r3—ro
001 1 =2
1 2 01 1
0 01 1 =2
0000 O

Since the resulting matrix in upper echelon form has 2 nonzero rows, rank(A) = 2.

8.7 Rank Criterion

The following theorem is proved in Assignment Sheet 6.

Theorem 8.8 Let A be the augmented n x (m + 1) matriz of a linear system. Let B be the
n X m matriz obtained from A by removing the last column. The system of linear equations
has a solution if and only if rank(A) = rank(B).

9 The Inverse of a Linear Transformation and of a
Matrix
9.1 Definitions

As usual, let T': U — V be a linear map with corresponding m x n matrix A. If there is a
map 77! : V — U with TT~ ! = Iy and T~'T = Iy then T is said to be invertible, and T~
is called the inverse of T.

If this is the case, and A~! is the (n x m) matrix of T~!, then we have AA~! = I, and
A"'A = I,,. We call A~! the inverse of the matrix A, and say that A is invertible. Conversely,
if A=! is an n x m matrix satisfying AA~! = I, and A~'A = I,,, then the corresponding
linear map T~ ! satisfies 7T~ = Iy and T~'T = Iy, so it is the inverse of 7.

Lemma 9.1 Let A be a matriz of a linear map T'. A linear map T is invertible if and only
if its matriz A is invertible. The inverses T™' and A™' are unique.

ProoOF: It is clear that under the bijection between matrices and linear maps, invertible
matrices correspond to invertible linear maps. This establishes the first statement.

Since the inverse map of a bijection is unique, 77! is unique. Under the bijection between
matrices and linear maps, A~! must be the matrix of 7-!. Thus, A~! is unique as well. O

Theorem 9.2 A linear map T is invertible if and only if T is non-singular. In particular,
if T is invertible then m = n, so only square matrices can be invertible.
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Remark See Corollary 5.5 for the definition of non-singular linear maps. We may also say
that the matrix A is non-singular if T" is; but by this theorem, this is equivalent to A being
invertible.

PRrROOF: If any map T has a left and right inverse, then it must be a bijection. Hence
ker(T) = {0} and im(7) = V, so nullity(T") = 0 and rank(7") = dim(V)) = m. But by
Theorem 5.4, we have

n = dim(U) = rank(T") 4+ nullity(T) = m + 0 =m

and we see from the definition that T is non-singular.

Conversely, if n = m and T is non-singular, then by Corollary 5.5 T is a bijection, and so
it has an inverse 7~! : V — U as a map. However, we still have to show that 77! is a
linear map. Let vy, vy € V. Then there exist uj,uy € U with T'(u;) = vy, T(ug) = va. So
T(u; +uz) = vi + v and hence T~1(vy + vo) = uj + ug. If a € K, then

T (av1) = T~ (T(awy)) = au; = o~} (vy),

so T~ is linear, which completes the proof. |
120 L2

Example Let A = < 9 0 1 > and B = 0 1 |. Then AB = I, but BA # I,
-2 5

SO a non-square matrix can have a right inverse which is not a left inverse. However, it can
be deduced from Corollary 5.5 that if A is a square n x n matrix and AB = I, then A is
non-singular, and then by multiplying AB = I,, on the left by A™!, we see that B = A~!
and so BA = I,,.

This technique of multiplying on the left or right by A~! is often used for transforming matrix
equations. If A is invertible, then AX =B <= X =A"'Band XA=DB <= X = BA™..

Lemma 9.3 If A and B are invertible n x n matrices, then AB is invertible, and (AB)~! =
B4t

PRrROOF: This is clear, because ABB™'A~!' = B'A'AB =1I,,. O

9.2 Matrix inversion by row reduction

Two methods for finding the inverse of a matrix will be studied in this course. The first, using
row reduction, which we shall look at now, is an efficient practical method similar to that
used by computer packages. The second, using determinants, is of more theoretical interest,
and will be done later in Section 10.

First note that if an n x n matrix A is invertible, then it has rank n. Consider the row
reduced form B = (3;;) of A. As we saw in Section 8.6, we have f;.;y = 1 for 1 <7 < n (since
rank(A) = rank(B) = n), where ¢(1) < ¢(2) < --- < ¢(n), and clearly this is only possible if
c(i) =i for 1 < i < n. Then, since all other entries in column ¢(i) are zero, we have B = I,,.
We have therefore proved:

Proposition 9.4 The row reduced form of an invertible n x n matriz A is I,,.
To compute A~', we reduce A to its row reduced form I,,, using elementary row operations,

while simultaneously applying the same row operations, but starting with the identity matrix
I,,. Tt turns out that these operations transform I,, to A~1.
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In practice, we might not know whether or not A is invertible before we start, but we will
find out while carrying out this procedure because, if A is not invertible, then its rank will
be less than n, and it will not row reduce to I,.

First we will do an example to demonstrate the method, and then we will explain why it
works. In the table below, the row operations applied are given in the middle column. The
results of applying them to the matrix

3 21
A=14 1 3
216

are given in the left column, and the results of applying them to I3 in the right column. So
A~! should be the final matrix in the right column.

3 21 1 00
4 1 3 010
216 0 01
I‘1—>I‘1/3
1 2/3 1/3 1/3 0 0
4 1 3 010
2 1 6 0 01

ro — ro —4ry
rs — rs — 2ry

1 2/3 1/3 1/3 0 0
0 —5/3 5/3 —4/3 1 0
0 —1/3 16/3 —2/3 0 1

ro — —31‘2/5

1 2/3 1/3 1/3 0 0
0 1 -1 4/5 —3/5 0
0 —1/3 16/3 —2/3 0 1
I‘1—>I‘1—21‘2/3
r3 —r3+ry/3
10 ~1/5 2/5 0
01 -1 4/5 —3/5 0
0 —2/5 —1/5 1
I‘3—>I‘3/5
10 1 ~1/5  2/5 0
01 — 4/5 -3/5 0
0 —2/25 —1/25 1/5
rA -ry —rs
ro — ro+1r3
100 —-3/25  11/25 —1/5
01 0 18/25 —16/25  1/5
001 —2/25 —1/25 1/5

So
—-3/25  11/25 —1/5
A' = 18/25 —16/25 1/5
—2/25 —1/25 1/5
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It is always a good idea to check the result afterwards. This is easier if we remove the common
denominator 25, and we can then easily check that

3 21 -3 11 -5 -3 11 -5 3 2 1 25 0 0
4 1 3 18 =16 5 | = 18 =16 5 4 1 3 | = 0 25 O
216 -2 -1 5 -2 -1 5 216 0 0 25

which confirms the result!

9.3 Elementary matrices

We shall now explain why the above method of calculating the inverse of a matrix works.
Each elementary row operation on a matrix can be achieved by multiplying the matrix on
the left by a corresponding matrix known as an elementary matriz. There are three types of
these, all being slightly different from the identity matrix.

1. E(n), ; (where i # j) is the an nxn matrix equal to the identity, but with an additional

non-zero entry A in the (4, j) position.

2. E (”)12 ; is the n x n identity matrix with its ¢-th and j-th rows interchanged.

3. E(n)3, (where A # 0) is the n x n identity matrix with its (i,4) entry replaced by .

Examples
10 3 (1) 8 8 (1) 10 0
E(3)§1,3: 010 |,E4)3,= 0010 , BB us=101 0
0 0 1 010 0 0 0 —4

Let A be any m x n matrix. Then E(m)}\”A is the result we get by adding A times the j-th
row of A to the i-th row of A. Similarly E(m)?jA is equal to A with its i-th and j-th rows

interchanged, and E(m)3 ; is equal to A with its i-th row multiplied by A. You need to work
out a few examples to convince yourself that this is true. For example

1 1 11 1 000 1 111 1 111

E(4)£242 2 2 2 2 _ 0 1 00 2 2 2 2 _ 2 2 2 2
= 3 3 3 3 0 010 3 3 3 3 3 3 3 3

4 4 4 4 0 -2 0 1 4 4 4 4 0 00O

So, in the matrix inversion procedure, the effect of applying elementary row operations to
reduce A to the identity matrix I, is equivalent to multiplying A on the left by a sequence of
elementary matrices. In other words, we have E,.E,_1... E1A = I, for certain elementary
n x n matrices Fi,...,F,. Hence E,E,_;...E; = A~'. But when we apply the same
elementary row operations to I,,, then we end up with E,.E,_; ... EI, = A~'. This explains
why the method works.

Notice also that the inverse of an elementary row matrix is another one of the same type.
In fact it is easily checked that the inverses of E(n)%\”, E(n)f] and E(n)iZ are respec-
tively E(n)l_/\ij, E(n)fj and E(n)3_, ;. Hence, if E,E,_1... E1A = I,, as in the preceding
paragraph, then by using Lemma 9.3 we find that

A= (E.E,_y...E) ' =E'E; . ET

T

which is itself a product of elementary matrices. We have proved:

Theorem 9.5 An invertible matriz is a product of elementary matrices.
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9.4 Application to linear equations

The most familiar examples of simultaneous equations are those where we have the same
number n of equations as unknowns. However, even in that case, there is no guarantee that
there is a unique solution; there can still be zero, one or many solutions (for instance, see
examples in section 8.1). The case of a unique solution occurs exactly when the matrix A is
non-singular.

Theorem 9.6 Let A be an n X n matriz. Then

(i) the homogeneous system of equations Ax = 0 has a non-zero solution if and only if A
s singular;
(ii) the equation system Ax = B has a unique solution if and only if A is non-singular.

PROOF: (i) The solution set of the equations is exactly nullspace(A4). If T is the linear map
corresponding to A then, by Corollary 5.5,

nullspace(T") = ker(T") = {0} <= nullity(T) = 0 <= T is non—singular,

and so there are non-zero solutions if and only if 7" and hence A is singular.

(ii) If A is singular then its nullity is greater than 0 and so its nullspace is not equal to
{0}, and contains more than one vector. Either there are no solutions, or the solution set is
x + nullspace(A) for some specific solution x, in which case there is more than one solution.
Hence there cannot be a unique solution when A is singular.

Conversely, if A is non-singular, then it is invertible by Theorem 9.2, and one solution is
x = A7!B. Since the complete solution set is then x + nullspace(A), and nullspace(A4) = {0}
in this case, the solution is unique. O

In general, it is more efficient to solve the equations Ax = 3 by elementary row operations
rather than by first computing A~! and then A~! B. However, if A~1is already known for
some reason, then this is a useful method.

Example 3x+2y+z = 0 (1)
dr+y+3z2 = 2 (2)
20 4+y+62 = 6 (3)

32 1 ~3/25  11/25 —1/5
Here A= | 4 1 3 |,and we computed A~! = 18/25 —16/25  1/5 | in Section 9.
2 1 6 —2/25 —1/25 1/5
0
Computing A™'3 with 3= 2 | yields the solution z = —8/25, y = —2/25, z = 28/25.

10 The Determinant of a Matrix

10.1 Definition of the determinant

Let A be an n x n matrix over the field K. The determinant of A, which is written as det(A)
or sometimes as |A| is a certain scalar that is defined from A in a rather complicated way.
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The definition for small values of n might already be familiar to you.
n=1 A= (a) det(A) =«

n=2 A= < oA ) det(A) = (X112 — (X120¢21
Q21 (22

a1l a1 Qi3

n=3 A= ax a2 a3
Q3] Q32 (33
« « (0% « [0 [0
det(A) = aqy | 022 OB 21 (23 21 Q2 | _
Q32 Q33 Q31 Q33 azr Q32

(1101220033 — (1112332 — (r12(21 (¢33 + (12(x23(x31 + (\130N21 (32 — (V13(V220V31

The geometrical motivation for the determinant is that it represents area or volume. For
n = 2, consider the position vectors of two points (x1,y1), (z2,y2) in the plane. Then, in the
diagram below, the area of the parallelogram OABC' enclosed by these two vectors is

r1 X9

rirgsin(fy — 61) = r1ra(sin Oz cos 61 — sin 6 cos Oz) = x1y2 — Toy; = "y
1 Y2

B = (z2,y2

T2

r1
02 A= (z1,91)
01

Similarly, when n = 3 the volume of the parallelepiped enclosed by the three position vectors
in space is equal to (plus or minus) the determinant of the 3 x 3 matrix defined by the
co-ordinates of the three points.

Now we turn to the general definition for n x n matrices. Suppose that we take the product
of n entries from the matrix, where we take exactly one entry from each row and one from
each column. Such a product is called an elementary product. There are n! such products
altogether (we shall see why shortly) and the determinant is the sum of n! terms, each of
which is plus or minus one of these elementary products. We say that it is a sum of n!
signed elementary products. You should check that this holds in the 2 and 3-dimensional
cases written out above.

Before we can be more precise about this, and determine which signs we choose for which
elementary products, we need to make a short digression to study permutations of finite sets.
A permutation of a set, which we shall take here to be the set X,, = {1,2,3,...,n}, is simply
a bijection from X, to itself. The set of all such permutations of X, is called the symmetric
group Sp. There are n! permutations altogether, so |S,| = n!.

(A group is a set of objects, any two of which can be multiplied or composed together, and
such that there is an identity element, and all elements have inverses. Other examples of
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groups that we have met in this course are the n x n invertible matrices over K, for any fixed
n, and any field K. The study of groups, which is known as Group Theory, is an important
branch of mathematics, but it is not the main topic of this course!)

Now an elementary product contains one entry from each row of A, so let the entry in the
product from the i-the row be a;4(;). Since the product also contains exactly one entry from
each column, each integer j € X,, must occur exactly once as ¢(i). But this is just saying
that ¢ : X,, — X, is a bijection; that is ¢ € S,,.

So an elementary product has the general form a;g(1)aa¢(2) - - - Qpgn) for some ¢ € S,, and
there are n! elementary products altogether. We want to define

det(A) = Z :|:Oé1¢(1)042¢(2) ce an¢(n),
PESn

but we still have to decide which of the elementary products has a plus sign and which has a
minus sign. In fact this depends on the sign of the permutation ¢, which we must now define.

A transposition is a permutation of X, that interchanges two numbers ¢ and j in X,, and
leaves all other numbers fixed. It is written as (7, j). There is a theorem, which is quite easy,
but we will not prove it here because it is a theorem in Group Theory, that says that every
permutation can be written as a composite of transpositions. For example, if n = 5, then the
permutation ¢ defined by

P(1) =4, 6(2) =5, ¢(3) =3, ¢(4) =2, ¢(5) =1

is equal to the composite (1,4) o (2,4) o (2,5). (Remember that permutations are functions
X, — X, so this means first apply the function (2,5) (which interchanges 2 and 5) then
apply (2,4) and finally apply (1,4).)

Now a permutation ¢ is said to be even, and to have sign +1, if ¢ is a composite of an even
number of permutations; and ¢ is said to be odd, and to have sign —1, if ¢ is a composite
of an odd number of permutations. For example, the permutation ¢ defined on X,, above is
a composite of 3 transpositions, so ¢ is odd and sign(¢) = —1. The identity permutation,
which leaves all points fixed, is even (because it is a composite of 0 transpositions).

Now at last we can give the general definition of the determinant.

Definition det(A) =3 e, Sign(d)aig1)@ag() - - - ng(n)-

(Note: You might be worrying about whether the same permutation could be both even
and odd. Well, there is a moderately difficult theorem in Group Theory, which we shall not
prove here, that says that this cannot happen; in other words, the concepts of even and odd
permutation are well-defined.)

10.2 The effect of matrix operations on the determinant

Theorem 10.1

(i) det(I,)=1.

(ii) Let B result from A by applying (R2) (interchanging two rows). Then det(B) =
—det(A).

(iii) If A has two equal rows then det(A) = 0.

(iv) Let B result from A by applying (R1) (adding a multiple of one row to another). Then
det(B) = det(A).

(v) Let B result from A by applying (R3) (multiplying a row by a scalar \). Then det(B) =
Adet(A).
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ProorF: (i) If A = I, then o;; = 0 when 4 # j. So the only non-zero elementary product in
the sum occurs when ¢ is the identity permutation. Hence det(A) = ajjg ... an, = 1.

(ii) To keep the notation simple, we shall suppose that we interchange the first two rows, but
the same argument works for interchanging any pair of rows. Then if B = (8;;), we have
B1j = aj and o = aq; for all j. Hence

det Z 51gn ,81¢ 52¢ . Bnqﬁ Z 51gn 041¢ 042¢(1)043¢(3) cee and)(n)'
$ESR $ESn

For ¢ € Sp, let ¢ = ¢o(1,2), so ¢(1) = 1(2) and ¢(2) = (1), and sign(¢)) = —sign(¢). Now,
as ¢ runs through all permutations in S,,, so does ¢ (but in a different order), so summing
over all ¢ € S, is the same as summing over all ¢ € S,,. Hence

det(B) = Z —sign () oy (1) Q2p(2) - - - Cngp(n) = Z —sign () oy (1) Q2p(2) - - - Any(n) = — det(A).
PESH PES,

(iii) Follows from (ii), because interchanging the two equal rows would give the same matrix,

and hence det(A) = —det(A).

(iv) Again, to simplify notation, suppose that we replace the second row re by ry 4+ Ar; for
some A € K. Then

det(B) = Z Slgl’l O£1¢ (042¢(2) + )\C¥1¢(2)>OZ3¢(3) . an¢(n)
¢PESH
= Z sign (@) aig(1)Q2¢(2) - - - Mng(n) + A Z Sign (@) a1g(1)Q1p(2) - - - Mng(n)-
PESR PESR

Now the first term in this sum is det(A), and the second is Adet(C'), where C' is a matrix in
which the first two rows are equal. Hence det(C') = 0 by (iii), and det(B) = det(A).

(v) Easy. Note that this holds even when the scalar A = 0. O

Definition A matrix is called upper triangular if all of its entries below the main diagonal
are zero; that is, if a;; = 0 for all 4 > j.

The matrix is called diagonal if all entries not on the main diagonal are zero; that is, a;; = 0
for ¢ # j.

3 0 —1/2 0 0 0
For example, | 0 —1 —11 | is upper triangular, and [ 0 17 0 | is diagonal.
0 0 —-2/5 0 0 -3

Corollary 10.2 If A = («ayj) is upper triangular, then det(A) = ai1002 . . . apy is the product
of the entries on the main diagonal of A.

PRrROOF: This is not hard to prove directly from the definition of the determinant. Alterna-
tively, we can apply row operations (R1) to reduce the matrix to the diagonal matrix with
the same entries «;; on the main diagonal, and then the result follows from parts (i) and (v)
of the theorem. O

The above theorem and corollary provide the most efficient way of computing det(A), at least
for n > 3. (For n = 2, it is easiest to do it straight from the definition.) Use row operations
(R1) and (R2) to reduce A to upper triangular form, keeping track of changes of sign in the
determinant resulting from applications of (R2), and then use Corollary 10.2.
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Example

0112 1211 =5 e — Op 1 21 1
1211 rpen 0112 270 10 11 2] r3ors3n
2131 = 2131 ara 0 -3 1 -1 =
124 2 124 2 - 0 03 1
1 2 11 121 1
011 2 ry —ry—3r3/4 01 1 2 _ 11
0 0 4 5 = 00 4 5 N
0031 000 -4
We could have been a little more clever, and stopped the row reduction one step before the
end, noticing that the determinant was equal to — g ? =11.

Definition Let A = (a;;) be an m x n matrix. We define the transpose AT of A to be the
n x m matrix (f3;;), where B;; = aj; for 1 <i<mn, 1 <j<m.

T 1 -2
For example L35 =13 0
-2 0 6 56

Theorem 10.3 Let A = (yj) be an n x n matriz. Then det(AT) = det(A).
PROOF: Let AT = (6@]) where ﬁij = Q. Then
det(AT) = > sign(8)Big1)Bes(2) - - Brostn) = D S180(A) (1)1 Q(2)2 - - - Cg(nyn-
PESK ¢ESH

Now, by rearranging the terms in the elementary product, we have

Ap(1)1%(2)2 - - - Yp(n)n = Xp=1(1)¥2671(2) - - - Fng=1(n)>

where ¢! is the inverse permutation to ¢. Notice also that if ¢ is a composite 7 0m0- - <07, of
transpositions 7;, then ¢~! = 7,.0---07 07 (because each 7; 0 7; is the identity permutation).
Hence sign(¢) = sign(¢~!). Also, summing over all ¢ € S,, is the same as summing over all
¢~1 € S,, so we have

det(AT) = Z Sign(é)a1¢_1(1)a2¢_1(2) . an¢_1(n)
PESK
= Z sign(dfl)a1¢71(1)a2¢71(2) C Qpg1(n) = det(A).
¢~lesSy

g

If you find proofs like the above, where we manipulate sums of products, hard to follow, then
it might be helpful to write it out in full in a small case, such as n = 3. Then

det(A") = B11822833 — Br1B23B32 — B12821 B33 + Br2B23Bs1 + Bi3B1Bs2 — BisPazBa
= Q110220133 — Q1032023 — Q21120033 + 21320013 + Q3112023 — 3122413
= Q11022033 — 112332 — (1202133 + 122331 + 1321 (32 — (13022031
= det(A).

Corollary 10.4 All of Theorem 10.1 remains true if we replace rows by columns.
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PRrROOF: This follows from Theorems 10.1 and 10.3, because we can apply column operations
to A by transposing it, applying the corresponding row operations, and then re-transposing
it. O

Theorem 10.5 For an n x n matriz A, det(A) =0 if and only if A is singular.

PROOF: A can be reduced to row reduced echelon form by using row operations (R1), (R2)
and (R3). By Theorem 8.5, none of these operations affect the rank of A, and so they do not
affect whether or not A is singular (remember ‘singular’ means rank(A) < n; see definition
after Corollary 5.5). By Theorem 10.1, they do not affect whether or not det(A) = 0. So we
can assume that A is in row reduced echelon form.

Then rank(A) is the number of non-zero rows of A, so if A is singular then it has some
zero rows. But then det(A) = 0. On the other hand, if A is nonsingular then, as we saw
in Section 9.2, the fact that A is in row reduced echelon form implies that A = I, so
det(A) =1#0. O

10.3 The determinant of a product

Example Let A = < Zl’) ; ) and B = ( _; _(1) ) Then det(A) = —4 and det(B) = 2.

We have A+ B = < g ; ) and det(A + B) = —5 # det(A) + det(B). In fact, in general

there is no simple relationship between det(A + B) and det(A), det(B).
3 -1
1 -3

In this subsection, we shall prove that this simple relationship holds in general.

However, AB = < ), and det(AB) = —8 = det(A) det(B).

Recall from Section 9.3 the definition of an elementary matrix F, and the property that if we
multiply a matrix B on the left by F, then the effect is to apply the corresponding elementary
row operation to B. This enables us to prove:

Lemma 10.6 If E is an nxn elementary matriz, and B is any nxn matriz, then det(EB) =
det(E) det(B).

PROOF: E is one of the three types E(n)%\w, E(n)f] or E(n)?)’\l, and multiplying B on the left
by F has the effect of applying (R1), (R2) or (R3) to B, respectively. Hence, by Theorem 10.1,
det(EB) = det(B), — det(B), or Adet(B), respectively. But by considering the special case
B = I, we see that det(E) = 1,—1 or A, respectively, and so det(EB) = det(E) det(B) in
all three cases. O

Theorem 10.7 For any two n x n matrices A and B, we have det(AB) = det(A) det(B).

PROOF: Suppose first that det(A) = 0. Then we have rank(A) < n by Theorem 10.5. Let
T,,T5 : V — V be linear maps corresponding to A and B, where dim(V') = n. Then AB
corresponds to 717> (by Theorem 7.3). By Corollary 5.5, rank(A) = rank(7}) < n implies
that 77 is not surjective. But then 7175 cannot be surjective, so rank(7775) = rank(AB) < n.
Hence det(AB) = 0 so det(AB) = det(A) det(B).

On the other hand, if det(A) # 0, then A is nonsingular, and hence invertible, so by
Theorem 9.5 A is a product EjFEs...E, of elementary matrices F;. Hence det(AB) =
det(E1FE> ... E.B). Now the result follows from the above lemma, because

det(AB) = det(E1) det(Bs ... E,B) = det(E1) det(Ey) det(Es . . . E,B) =
det(FE7) det(FEs) . ..det(E,)det(B) = det(E1E; ... E,) det(B) = det(A) det(B). O
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10.4 Minors and cofactors

Let A = (ay;) be an n x n matrix. Let A;; be the (n — 1) x (n — 1) matrix obtained from
A by deleting the i-th row and the j-th column of A. Now let M;; = det(A;;). Then M;; is
called the (i, j)-th minor of A.

2 10 3 2 10
For example, if A= | 3 —1 2 |, then Ay = and Az = , and so
5 _9 0 50 -1 2

M12 = —10 and M31 = 2.

We define ¢;; to be equal to M;; if i + j is even, and to —M;; if 7 + j is odd. Or, more
concisely,

cij = (1) My; = (=1)"" det(Ay).
Then c¢;; is called the (i, j)-th cofactor of A. In the example above,

-1 2 3 2 3 —1

c11 = _90 =4, c2 = — 50l = 10, c13 = Y -1
10 20 2 1

1= —|_5q| =0 c2= 50l = 0 s =—|g o= 9
10 20 2 1

c31 = 19 =2, c3 = — 3 9 = —4, c33 = 3 1 = —5.

Theorem 10.8 Let A be an n X n matrix.

(i) (Expansion of a determinant by the i-th row.) For any i with 1 <1i < n, we have

n
det(A) = aircit + qiaCiz + - + QinCin = g Qi Cij.
=1

(ii) (Ezpansion of a determinant by the j-th column.) For any j with 1 < j < n, we have
det(A) = aqjc1j + agjeaj + - apjcn = Z QjCij.

For example, expanding the determinant of the matrix A above by the first row, the third
row, and the second column give respectively:

det(A) = 2x4+1x1040x—-1 = 18
det(A) = 5x24+-2x-4+0x—-5 = 18
det(A) = 1x10+-1x0+-2x—-4 = 18

PROOF OF THEOREM 10.8: By definition, we have
det(A Z sign () p(1)@26(2) - - - Ung(n) (%)
PESn
Step 1. We first find the sum of all of those signed elementary products in the sum (x) that

contain ay,,. These arise from those permutations ¢ with ¢(n) = n; so the required sum is

> sign(@)aig)0ap@) - Cngny = mn D SIgN(@)a1p1)@26(2) - - - On1p(n-1)
¢ c STL PESn_1
¢(n) =n

= annMnn = QunCon.
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Step 2. Next we fix any ¢ and j with 1 < ¢, < n, and find the sum of all of those
signed elementary products in the sum () that contain a;;. We move row r; of A to r, by
interchanging r; with r;;1,r;49,...,r, in turn. This involves n — ¢ applications of (R2), and
leaves the rows of A other than r; in their original order. We then move column c; to c,
in the same way, by applying (C2) n — j times. Let the resulting matrix be B = (;;) and
denote its minors by IV;;. Then 8,, = «;;, and Ny, = M;;. Furthermore,

det(B) = (=1)*" "I det(A) = (—1)""7 det(A),

because (2n —i — j) — (i + j) is even.

Now, by the result of Step 1, the sum of terms in det(B) involving [, is
BanNon = aiMi; = (=) ayjeq,
and hence, since det(B) = (—1)"™/ det(A), the sum of terms involving a;; in det(A) is ajjc;j.

Step 3. The result follows from Step 2, because every signed elementary product in the sum
(%) involves exactly one array element a;; from each row and from each column. Hence, for
any given row or column, we get the full sum (x) by adding up the total of those products
involving each individual element in that row or column. O

Expanding by a row and column can sometimes be a quick method of evaluating the deter-
minant of matrices containing a lot of zeros. For example, let

9 0 2 6
12 9 -3
A= 00 -2 0
-1 0 -5 2
9 0 6
Then, expanding by the third row, we get det(A) = —2 1 2 -3 |, and then expanding
-1 0 2

by the second column, det(A4) = —2 x 2' _Sl) g ‘ = —96.

10.5 The inverse of a matrix using determinants

Definition Let A be an n x n matrix. We define the adjoint matrix adj(A) of A to be
the n x n matrix of which the (4, j)-th element is the cofactor ¢j. In other words, it is the
transpose of the matrix of cofactors.

In the example above,

2 10 40 2
A=|3 -1 2], adj(A)=| 10 0 —4
5 -2 0 -1 9 -5

Theorem 10.9 Aadj(A) =det(A)l, = adj(A) A

PROOF: Let B = Aadj(A) = (8ij). Then Bi; = > p_; aircir = det(A) by Theorem 10.8
(expansion by the i-th row of A). For i # j, Bij = Y_p_; QukCjk, which is the determinant of
a matrix C obtained from A by substituting the i-th row of A for the j-th row. But then
C has two equal rows, so 3;; = det(C) = 0 by Theorem 10.1(iii). (This is sometimes called
an expansion by alien cofactors.) Hence Aadj(A) = det(A)I,. A similar argument using
columns instead of rows gives adj(A) A = det(A)1,. 0

In the example above, check that Aadj(A) = adj(A) A = 1815.
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Corollary 10.10 If det(A) # 0, then A™' = gimyadj(A).

(Theorems 9.2 and 10.5 imply that A is invertible if and only if det(A) # 0.)

So, in the example above,

-1

2 10 1 4 0 2
3 -1 2 =13 10 0 -4 |,
5 =2 0 -1 9 -5

and in the example in Section 9,

321 3 -11 5 .
A= 4 1 3 |, adj(A)=| —-18 16 —5 |, det(A) = —25, A_IZ%adj(A).
2 16 2 1 -5

For 2 x 2 and (possibly) 3 x 3 matrices, the cofactor method of computing the inverse is often
the quickest. For larger matrices, the row reduction method described in Section 9 is quicker.

10.6 Cramer’s rule for solving simultaneous equations

Given a system Ax = (3 of n equations in n unknowns, where A = (a;;) is non-singular, the
solution is x = A~1 B. So the i-th component x; of this column vector is the i-th row of A71lp.

Now, by Corollary 10.10, A1 = ﬁ(madj(/l), and its (¢, j)-th entry is ¢;;/ det(A). Hence a

n

1
T det(A) 2 iy

Jj=1

Now let A; be the matrix obtained from A by substituting 3 for the i-th column of A. Then the
sum E?:l cjif3; is precisely the expansion of det(A;) by its i-th column (see Theorem 10.8).
Hence we have x; = det(A;)/ det(A). This is Cramer’s rule.

This is more of a curiosity than a practical method of solving simultaneous equations, al-
though it can be quite quick in the 2 x 2 case. Even in the 3 x 3 case it is rather slow.

Example
2z + z = 1
y — 2z =
r + y + =z -1
2 0 1 0 1
det(A)=10 1 =2 |=5 det(4d;))=| 0 1 -2 |=4
11 1 -1 1 1
2 1 1 2 0 1
det(A2) =10 0 -2 |=-6, det(43)=|0 1 0|=-3
1 -1 1 11 -1

so the solution is z = 4/5, y = —6/5, z = —3/5.

11 Change of Basis and Equivalent Matrices

In this section, we investigate the relationship between the matrices corresponding to the
same linear map T : U — V, but using different bases for the vector spaces U and V. We
first discuss the relation between two different bases of the same space. Assume throughout
the section that all vector spaces are over the same field K.
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Let U be a vector space of dimension n, and let e1,...,e, and €,..., €], be two bases of U.

The matrix P of the identity map Iy : U — U using the basis eq, ..., e, in the domain and
€},...,€e} in the range is called the change of basis matriz from the basis of €;-s to the basis
of el-s.

Let us look carefully what this definition says. Taking P = (0;;), we obtain from Section 7.1

n
IU(ej) =€; = Zaijeg for 1 < j <n. (*)
=1

In other words, the columns of P are the basis vectors e; as column vectors in the e].

Proposition 11.1 The change of basis matriz is invertible. More precisely, if P is the
change of basis matriz from the basis of e;-s to the basis of €}-s and Q is the change of basis
matriz from the basis of €i-s to the basis of e;-s then P = Q1.

ProOOF: Consider the composition Iy : U v,y v, g using the basis of e]-s for the first
and the third copy of U and the basis of e;-s for the middle copy of U. The composition
has matrix I,, because the same basis is used for both domain and range. But the first Iy
has matrix @ (change of basis from €)-s to e;-s) and the second Iy similarly has matrix P.
Therefore by Theorem 7.3, I,, = PQ.

Similarly, I, = QP. Consequently, P = Q™. O

Example Let U = R3, €] = (1,0,0), €, = (0,1,0), e; = (0,0,1) (the standard basis) and
e1 =(0,2,1), e =(1,1,0), e3 = (1,0,0). Then

011
P=|2 10
1 00

Proposition 11.2 With the above notation, let v € U, and let v and v’ denote the column

vectors associated with v when we use the bases ey, ... e, and €], ..., e, respectively. Then

Pv=v'.

PrOOF: This follows immediately from Proposition 7.2 applied to the identity map Iyy. O

Now let T : U — V be a linear map, where dim(U) = n, dim(V) = m. Choose a basis
eq,...,e, of U and a basis f,...,f,, of V. Then, from Section 7.1, we have

T(ej) = Zaijfi for 1 < ] <n.

=1

where A = (a;) is the m x n matrix of T with respect to the bases {e;} and {f;} of U and
V.

Now choose new bases €/, ...,e}, of U and f],...,f/ of V. Then

m
T(e;) = Zﬁwfl' for 1 <j<n,
i=1

where B = (3;;) is the m x n matrix of 7" with respect to the bases {e}} and {f/} of U and
V. Our objective is to find the relationship between A and B in terms of the change of basis
matrices.

Let the n x n matrix P = (o) be the change of basis matrix from {e;} to {€}}, and let the
m X m matrix @ = (7;) be the change of basis matrix from {f;} to {f/}.
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Matrix A
T

— 1Q

Matrix B

Theorem 11.3 With the above notation, we have BP = QA, or equivalently B = QAP™!,

PRrROOF: By Theorem 7.3, BP represents the composite of the linear maps Iy using bases
{e;} and {e}} and T using bases {€]} and {f/}. So BP represents T' using bases {e;} and
{f/}. Similarly, QA represents the composite of 7" using bases {e;} and {f;} and Iy, using
bases {f;} and {f/}, so QA also represents T using bases {e;} and {f/}. Hence BP = QA. O

Corollary 11.4 Two m X n matrices A and B represent the same linear map from an n-
dimensional vector space to an m-dimensional vector space (with respect to different bases)
if and only if there exist invertible n X n and m X m matrices P and @ with B = QAP.

PrOOF: It follows from the Theorem 11.3 that A and B represent the same linear map if there
exist change of basis matrices P and Q with B = QAP~!, and by Proposition 11.1 the change
of basis matrices are precisely invertible matrices of the correct size. By replacing P by P!,

we see that this is equivalent to saying that there exist invertible @), P with B = QAP. O

Definition Two m x n matrices A and B are said to be equivalent if there exist invertible
P and Q with B = QAP; that is, if they represent the same linear map.

It is easy to check that being equivalent is an equivalence relation on the set K" of m x n
matrices over K. We shall show now that equivalence of matrices has other characterisations.

Theorem 11.5 Let A and B be m x n matrices over K. Then the following conditions on
A and B are equivalent.

(i) A and B are equivalent.
(ii) A and B represent the same linear map with respect to different bases.
(iii) A and B have the same rank.
(iv) B can be obtained from A by application of elementary row and column operations.

PROOF: (i) < (ii): This is true by Corollary 11.4.

(ii) = (iii): Since A and be both represent the same linear map 7', we have rank(A) =
rank(B) = rank(T).

(iii) = (iv): By Theorem 8.2, if A and B both have rank s, then they can both be brought

into the form
Es = ( IS ‘ Os,n—s >
Om—s,s ‘ Om—s,n—s

by elementary row and column operations. Since these operations are invertible, we can first
transform A to E, and then transform E, to B.

(iv) = (i): We saw in Section 9.2 that applying an elementary row operation to A can be
achieved by multiplying A on the left by an elementary row matrix, and similarly applying
an elementary column operation can be done by multiplying A on the right by an elementary
column matrix. Hence (iv) implies that there exist elementary row matrices Ry, ..., R, and
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elementary column matrices Cq,...,Cs with B = R,.... R{AC...Cs. Since elementary
matrices are invertible, Q = R, ... Ry and P = C;...C; are invertible and B = QAP. O

In the above proof, we also showed the following;:

Proposition 11.6 Any m x n matriz is equivalent to the matriz Es defined above, where
s =rank(A).

The form F is known as a canonical form for m x n matrices under equivalence. This means
that it is an easily recognizable representative of its equivalence class.

11* An Alternative Approach.

In this section we provide an alternative presentation for some of the material of Section 11.
This is naturally the same content, so it can be skipped at first by the reader comfortable
with the material of the previous section. We introduce here another system of notation
which in turn provides a new perspective to the change of basis formula.

Again, let U and V be vector spaces over a field K, and let T': U — V be a linear map.
Suppose further that & = {ey,ea,...,e,} and F = {f1, fa, ..., fm} are the bases of U and V
respectively. If u € U is equal to aje; + ... + ane,, then we write

aq
[ule =

Qn
That is, [u]e is the expression of u with respect to the basis £ as a column vector.
Let us denote a matrix of T" with respect to the bases £ and F by

715
By definition,
115 = [ [T(e)]F - [T(en)]7 ]

-its columns are the expressions of the vectors T'(eq), ... , T'(e,) with respect to the basis F.

Multiplication of matrices is defined so that multiplication by [T]‘; converts the expression

for a vector u with respect to the basis &, into the expression for T'(u) with respect to the
basis F. That is,

[T(w)7 = [T)% e

Once you know the rule for multiplying a column vector by a matrix, this last equality is
actually obvious:

Qg
T1% | " | =ay-column 1 of [T)5 + ... + o - column n of [T)5 =
Qp

=a[T(e)]r+ ... + an[T(en)lr =

= [nT(e1) + ... + anT(en)]F =

47



= [T(are1 + ... + anen)]r = [T(u)] £

This corresponds to the Proposition 7.2 that we saw earlier. From this we are going to deduce
the rest. But before we proceed with the change of basis formula, let us recall that in Section
7.2 we also proved that the matrix of a composition of linear maps equals to the product of
the corresponding matrices. Let us begin by “rederiving” this fact in our new settings.

As in Theorem 7.3, let T : U — V and Ty : V. — W be linear maps where U, V and W are
vector spaces over a field K. Suppose further that £ is a basis for U, F is a basis for V' and
G is a basis for W. Then

(TG 155 = (TG [ [Ta(en)]F - [Ta(e))F |-
Since for any v € V we have

[T1)g [0 7 = [Ta(v)]g,
in particular, we obtain that

[T [Ta(ed)]F = [T1(Ta(e:))lg

Therefore

(TG [ To)% = [ [Tu(Ta(e1))g - [T1(Ta(en))lg] = [Th 0 Tol§
which corresponds to Theorem 7.3 which we saw earlier.

Finally, let us deal with the change of basis procedure. Suppose that £ and £ are both bases
of the same space U. Denote the identity map from U to U by Iy. Then of course, [IU]g and
[IU]g are both identity matrices (matrices with 1’s down the diagonal and zero everywhere
else). For example,

[10)E = [ [Tu(en)le - Hu(en)le ] =1 lede - [enle ] =
1 0 0
_|o
.
0 0 1

On the other hand, [Iy]%, and [I]§" are not identity matrices (provided, £ # &', of course).
For example,

[Iv)é = [lealer ... [enler ]
and of course, [e;]¢ is not the i-th column of the identity matrix, unless e; = €.

However, [I]%, and [Iy]§ are mutually inverse, as
e IlE = [Ty o Iul§ = [Iv]é

is the identity matrix (please, note that this corresponds to Proposition 11.1).
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Similarly, if 7 and F’ are both bases of a vector space V', and Iy is the identity map on V,
then [Iy/]%, and [Iy]% are mutually inverse.

Finally, let T : U — V be a linear map. Then obviously,
Toly=1Iy0T.

Hence,
[T o Iyl = [Iv o T)%

and so

[1T15 Iu]E = [IVIF[T]%.

Multiplying both sides on the right by the inverse of [IU]g,, we obtain

1% = [IVIF TIFI]E

which corresponds to Theorem 11.3.

Remark that if U =V and € = F, £ = F', then the statement of Theorem 11.3 simply gives
us that

[T)% = [Lo)&[TIE(u)E) "

In other words, [T]%, is the conjugate of [T]& by the change of bases matrix [I;],.

12 Similar Matrices, Eigenvectors and Eigenvalues

12.1 Similar matrices

In Section 11 we studied what happens to the matrix of a linear map T': U — V when we
change bases of U and V. Now we look at the case when U = V, where we only have a
single vector space V', and a single change of basis. Surprisingly, this turns out to be more
complicated than the situation with two different spaces.

Let V' be a vector space of dimension n over the field K, and let T : V' — V be a linear
map. Let eq,...,e, and €],...,€), be two bases of V, and let A = (a;;) and B = (f;5) be
the matrices of T' with respect to {e;} and {e}} respectively. Let P = (oy;) be the change
of basis matrix from {e}} to {e;}. Note that this is the opposite change of basis to the one
considered in the last section.

Then applying Theorem 11.3 applies, but with both @ and P replaced by P~! we have:

Theorem 12.1 With the notation above, B = P~ 1AP.

Definition Two n X n matrices over K are said to be similar if there exists an n X n
invertible matrix P with B = P~1AP.

So two matrices are similar if and only if they represent the same linear map 7' : V' — V with
respect to different bases of V. It is easily checked that similarity is an equivalence relation
on the set of n X n matrices over K.
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We saw in Theorem 11.5 that two matrices of the same size are equivalent if and only if they
have the same rank. It is more difficult to decide whether two matrices are similar. Similar
matrices are certainly equivalent, so they have the same rank, but equivalent matrices need
not be similar.

1 0 1 1
Example LetA(O 1>andB<0 1).

Then A and B both have rank 2, so they are equivalent. However, since A = I, for any
invertible 2 x 2 matrix P we have P"'AP = A, so A is similar only to itself. Hence A and
B are not similar.

To decide whether matrices are similar, it would be helpful to have a canonical form, just like
we had the canonical form Ey in Section 11 for equivalence. Then we could test for similarity
by reducing A and B to canonical form and checking whether we get the same result. But
this turns out to be quite difficult, and depends on the field K. For the case K = C (the
complex numbers), we have the Jordan Canonical Form, which Maths students learn about
in the Second Year.

12.2 Eigenvectors and eigenvalues

In this course, we shall only consider the question of which matrices are similar to a diagonal
matrix. Such matrices are said to be diagonalisable. (Recall that A = (ay;) is diagonal if
a;j = 0 for i # j.) We shall see, for example, that the matrix B in the example above is not
diagonalisable.

It turns out that the possible entries on the diagonal of a matrix similar to A can be calculated
directly from A. They are called eigenvalues of A and depend only on the linear map to which
A corresponds, and not on the particular choice of basis.

Definition Let T : V — V be a linear map, where V is a vector space over K. Suppose
that for some non-zero vector v € V' and some scalar A € K, we have T'(v) = Av. Then v is
called an eigenvector of T, and A is called the eigenvalue of T' corresponding to v.

Note that the zero vector is not an eigenvector. (This would not be a good idea, because
T0 = A0 for all A\.) However, the zero scalar 0x may sometimes be an eigenvalue.

Example Let T : R? — R? be defined by T(a1,a2) = (2a1,0). Then T(1,0) = 2(1,0), so 2
is an eigenvalue and (1,0) an eigenvector. Also 7'(0,1) = (0,0) = 0(0, 1), so 0 is an eigenvalue
and (0,1) an eigenvector.

In this example, notice that in fact (o, 0) and (0, o) are eigenvectors for any a # 0. In general,
it is easy to see that if v is an eigenvector of T', then so is av for any non-zero scalar «.

In some books, eigenvectors and eigenvalues are called characteristic vectors and character-
istic roots, respectively.

Let ey, ..., e, be a basis of V, and let A = (a;;) be the matrix of 7" with respect to this basis.
As in Section 7.1, to each vector v = Aje; + - -- + A\pe, € V, we associate the column vector

A1
A2
e K™,

<
I

An
Then, by Proposition 7.2, for u,v € V, we have T'(u) = v if and only if Au = v, and in

particular
T(v) =\ v < Av = \v.
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Definition Let A be an n x n matrix over K. Suppose that, for some non-zero column
vector v € K™! and some scalar A\ € K, we have Av = Av. Then v is called an eigenvector
of A, and A is called the eigenvalue of A corresponding to v.

It follows from Proposition 7.2 that if the matrix A corresponds to the linear map T, then
A is an eigenvalue of T if and only if it is an eigenvalue of A. It follows immediately that
similar matrices have the same eigenvalues, because they represent the same linear map with
respect to different bases. We shall give another proof of this fact in Theorem 12.3 below.

Theorem 12.2 Let A be an n X n matrix. Then X is an eigenvalue of A if and only if
det(A — \I,,) = 0.

PROOF: Suppose that A is an eigenvalue of A. Then Av = \v for some non-zero v € K™1.
This is equivalent to Av = AI,v, or (A—AI,)v = 0. But this says exactly that v is a non-zero
solution to the homogeneous system of simultaneous equations defined by the matrix A— Al,,
and then by Theorem 9.6(i), A — A\, is singular, and so det(A — A\I,,) = 0 by Theorem 10.5.

Conversely, if det(A — AI,) = 0 then A — \I,, is singular, and so by Theorem 9.6(i) the system
of simultaneous equations defined by A — AI,, has nonzero solutions. Hence there exists a
non-zero v € K™! with (4 — AI,)v = 0, which is equivalent to Av = A\I,,v, and so \ is an
eigenvalue of A. O

Definition For an nxn matrix A, the equation det(A—=z1I,,) = 0 is called the characteristic
equation of A, and det(A—=z1,) is called the characteristic polynomial of A. It is a polynomial
of degree n in z.

The above theorem says that the eigenvalues of A are the roots of the characteristic equation,
which means that we have a method of calculating them. Once the eigenvalues are known,
it is then straightforward to compute the corresponding eigenvectors.

5 4

l—2z 2
5 44—z
Hence the eigenvalues of A are the roots of (z — 6)(z + 1) = 0; that is 6 and —1.

Example 1 Let A = ( 12 > . Then

det(A —zly) = =(1-2)4—2)—10=2* 52— 6= (z—6)(z+ 1).

Let us now find the eigenvectors corresponding to the eigenvalue 6. We seek a non-zero

1 > such that
)

() (5= ) (5 2)(5) = ()

2 2
We can take (il > = < 5) to be our eigenvector; or indeed any non-zero multiple of < 5 )
2

column vector <

Similarly, for the eigenvalue —1, we want a non-zero column vector < > such that

x1
Z2

1 2 T _ 1 . . 2 2 T o 0
(3 3)(5) () o (33)(2)=(0):
T 1 .
and we can take - = 1 to be our eigenvector.
9 —

Example 2 This example shows that the eigenvalues can depend on the field K. Let
—r —1

2
= 1
1 —» r° + 1,

A= ((1) _(1)> Then det(A —zlp) =

o1



so the characteristic equation is 22 + 1 = 0. If K = R (the real numbers) then this equation
has no solutions, so there are no eigenvalues or eigenvectors. However, if K = C (the complex
numbers), then there are two eigenvalues i and —i, and by a similar calculation to the one

-1 1 .
in the last example, we find that < ; > and ( ; > are eigenvectors corresponding to ¢ and

—1 respectively.

Theorem 12.3 Similar matrices have the same characteristic equation and hence the same
etgenvalues.

ProOOF: Let A and B be similar matrices. Then there exists an invertible matrix P with
B =P 'AP. Then

det(B — zI,) = det(P~*AP — z1I,,) = det(P~ (A — zI,)P) = (by Theorem 10.3)

det(P~Y) det(A — zI,) det(P) = det(P~!) det(P) det(A — zI,,) = det(A — z1,,).

Hence A and B have the same characteristic equation. Since the eigenvalues are the roots of
the characteristic equation, they have the same eigenvalues. O

Since the different matrices corresponding to a linear map T are all equivalent, they all have
the same characteristic equation, so we can unambiguously refer to it also as the characteristic
equation of 1" if we want to.

There is one case where the eigenvalues can be written down immediately.

Proposition 12.4 Suppose that the matrix A is upper triangular. Then the eigenvalues of
A are just the diagonal entries ay; of A.

PrOOF: We saw in Corollary 10.2 that the determinant of A is the product of the diagonal
entries ;. Hence the characteristic polynomial of such a matrix is [];" ; (cw; — ), and so the
eigenvalues are the ay;. |

11
01
can now see that A cannot be similar to any diagonal matrix B. Such a B would also have
just 1 as an eigenvalue, and then, by Proposition 10.2 again, this would force B to be the
identity matrix Io. But P~'I,P = I for any invertible matrix P, so I is not similar to any
matrix other than itself! So A cannot be similar to /2, and hence A is not diagonalisable.

Example Let A = < ) . Then A is upper triangular, so its only eigenvalue is 1. We

The next theorem describes the connection between diagonalisable matrices and eigenvectors.
If you have understood everything so far then its proof should be almost obvious.

Theorem 12.5 Let T : V. — V be a linear map. Then the matriz of T is diagonal with
respect to some basis of V if and only if V has a basis consisting of eigenvectors of T'.

Equivalently, let A be an n x n matrixz over K. Then A is similar to a diagonal matrixz if and
only if the space K™ has a basis of eigenvectors of A.

PROOF: The equivalence of the two statements follows directly from the correspondence
between linear maps and matrices, and the corresponding definitions of eigenvectors and
eigenvalues.

Suppose that the matrix A = (ay;) of T' is diagonal with respect to the basis eq,..., e, of
V. Recall from Section 7.1 that the images of the i-th basis vector of V is represented by
the i-th column of A. But since A is diagonal, this column has the single non-zero entry ;.
Hence T'(e;) = ay;e;, and so each basis vector e; is an eigenvector of A.
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Conversely, suppose that eq,...,e, is a basis of V' consisting entirely of eigenvectors of T
Then, for each i, we have T'(e;) = A;e; for some \; € K. But then the matrix of A with
respect to this basis is the diagonal matrix A = («;) with oy; = A; for each 1. O

We now show that A is diagonalisable in the case when there are n distinct eigenvalues.

Theorem 12.6 Let \q,...,\. be distinct eigenvalues of T : V. — V', and let vq,...,v, be
corresponding eigenvectors. (So T(v;) = \jv; for 1 < i < r.) Then vi,...,v, are linearly
independent.

PRrROOF: We prove this by induction on r. It is true for r = 1, because eigenvectors are
non-zero by definition. For r > 1, suppose that for some o, ...,a, € K we have

oavy + agve + -+ v = 0.
Then, applying T to this equation gives
Q1A1V] + agA9vy + - - + ap A\ v, = 0.
Now, subtracting A; times the first equation from the second gives

052()\2 — )\1)V2 + -+ Oér()\r — )\1)V7~ =0.

By inductive hypothesis, va, ..., v, are linearly independent, so a;(\; — A1) =0 for 2 < i <.
But, by assumption, A; — A\ # 0 for ¢ > 1, so we must have o; = 0 for ¢ > 1. But then
a1vi = 0, so «q is also zero. Thus «; = 0 for all 4, which proves that vi,..., v, are linearly
independent. |

Corollary 12.7 If the linear map T : V — V (or equivalently the n x n matriz A) has n
distinct eigenvalues, where n = dim(V'), then T (or A) is diagonalisable.

PRrOOF: Under the hypothesis, there are n linearly independent eigenvectors, which form a

basis of V' by Corollary 3.9. The result follows from Theorem 12.5. a
Example
4 5 2 4—x 5 2
A=| -6 -9 —4 |. Then |A —zl3|=| -6 —-9—z —4
6 9 4 6 9 4—z

To help evaluate this determinant, apply first the row operation rg — rs + ro and then the
column operation co — co — c3, giving

4—x 5 2 4—x 3 2
|A—zxl3l=| =6 —-9—2z —4|=| -6 —-5—x —4 |,
0 — —x 0 0 —x

and then expanding by the third row we get
—z((4—x)(-5—z) +18) = —z(x? +x—2) = —z(z+2)(z—1)

so the eigenvalues are 0, 1 and —2. Since these are distinct, we know from the above corollary
that A can be diagonalised. In fact, the eigenvectors will be the new basis for the diagonal
matrix, so we will calculate these.
a1
In the following calculations, we will denote eigenvectors vy, etc. by | x2 |, where z1, 22, 3
3
need to be calculated by solving simultaneous equations.
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For the eigenvalue A = 0, an eigenvector v, satisfies Av; = 0, which gives the three equations:

4x1 + dx2 + 223 = 0; —6x1 — 929 — 423 = 0; 6x1 + 9xo + 43 = 0.
The third is clearly redundant, and adding twice the first to the second gives 2x1 + x5 = 0
and then we see that one solution is v; = —;
3
For A = 1, we want an eigenvector vy with Av, = v,, which gives the equations
4x1 + dx9 + 213 = 7] —6x1 — 929 — 43 = X9; 6x1 + 920 4+ 43 = 3, —
3x1 + bxo + 223 = 0; —6x1 — 1029 — 425 = 0; 6x1 + 922 + 3x3 = 0.
Adding the second and third equations gives x2 + 3 = 0 and then we see that a solution is
1

Finally, for A = —2, Av; = —2v3 gives the equations

6x1 + dxo + 223 = 0; —6x1 — Txo — 423 = 0] 6x1 + 9z 4 623 = 0,
1
of which one solution is v3 = | —2
2

Now, if we change basis to v;, vy, v3, we should get the diagonal matrix with the eigenvalues
0,1, —2 on the diagonal. We can check this by direct calculation. Remember that P is the
change of basis matrix from the new basis to the old one and has columns the new basis
vectors expressed in terms of the old. But the old basis is the standard basis, so the columns
of P are the new basis vectors. Hence

1 1 1 00 O
P=| -2 —1 —2 | and, according to Theorem 12.1, we should have P"1AP = 0 1 0

3 1 2 00 —2

To check this, we first need to calculate P~!, either by row reduction or by the cofactor
0 1 1

method. The answer turns out to be P~ = 2 1 0 ], and now we can check that
-1 -2 -1

the above equation really does hold.

Warning The converse of Corollary 12.7 is not true. If it turns out that there do not

exist n distinct eigenvalues, then you cannot conclude from this that the matrix is not be

diagonalisable. This is really rather obvious, because the identity matrix has only a single

eigenvalue, but it is diagonal already. Even so, this is one of the most common mistakes that

students make.

If there are fewer than n distinct eigenvalues, then the matrix may or may not be diag-
onalisable, and you have to test directly to see whether there are n linearly independent
eigenvectors. Let us consider two rather similar looking examples.

1 11 1 2 -2
Ai=[0-11], A4=|0-1 2
0 01 0 0 1

Both matrices are upper triangular, so we know from Proposition 12.4 that both have eigen-
values 1 and —1, with 1 repeated. Since —1 occurs only once, it can only have a single
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associated linearly independent eigenvector. (Can you prove that?) Solving the equations

1 1
as usual, we find that A; and As have eigenvectors | —2 | and | —1 |, respectively,
0 0

associated with eigenvalue —1.

The repeated eigenvalue 1 is more interesting, because there could be one or two associated
linearly independent eigenvectors. The equation A;x = x gives the equations

1 + T2 + T3 = X1 —22 + T3 = T3; T3 = T3,
S0 T3+ x3 = —2x9 + x3 = 0, which implies that xo = x3 = 0. Hence the only eigenvectors are
1
multiples of | 0 |. Hence A; has only two linearly independent eigenvectors in total, and
0

so it cannot be diagonalised.

On the other hand, Asx = x gives the equations

1+ 2z — 223 = 27; —Z9 + 223 = x2; T3 = I3,
which reduce to the single equation x9 —x3 = 0. This time there are two linearly independent
1 0
solutions, giving eigenvectors [ 0 | and [ 1 So As has three linearly independent
0 1

eigenvectors in total, and it can be diagonalised. In fact, using the eigenvectors as columns
of the change of basis matrix P as before gives

10 1 1 1 -1
P=|01 —1 |, and then we find that P~ = [ 0 0 1 |, and we can check that
01 0 0 -1 1
10 0
PlAaaP=[01 0
00 —1

12.3 The scalar product - symmetric and orthogonal matrices

Definition The (standard) scalar product of two vectors v = (o, ..., a,) and w = (B1,. .., 5n)

in R" is defined to be .
V.W = Z ;5.
i=1

Definition A basis by,...,b, of R” is called orthonormal if
(i) b;b;=1for1<i<mn, and
(ii) b;bj=0for1<4,j <nandi#j.

In other words, an orthonormal basis consists of mutually orthogonal vectors of length 1. For
example, the standard basis is orthonormal.

Definition An n x n matrix A is said to symmetric if AT = A.

Definition An n x n matrix A is said to orthogonal if AT = A=1 or, equivalently, if AAT =
ATA=1,.

Examples.

=
(oW

<2/\/ﬁ 3/\@) ) /3 2/3 2/3

2/3 —2/3 1/3
3/VI3 2/VI3 2/3  1/3 —2/3
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are both orthogonal matrices.

The main result of this section is that we can diagonalise any real symmetric matrix A by a
real orthogonal matrix. We shall prove this only in the case when A has distinct eigenvalues;
the complete proof will be given in Year 2.

Proposition 12.8 An n xn matriz A over R is orthogonal if and only if the rows ry,...,ry,
of A form an orthonormal basis of R™ if and only if the columns c1,...,c, of A form an
orthonormal basis of R™1.

PROOF: Note that an orthogonal matrix A is invertible, which by Theorem 9.2 implies that
its row and column ranks are equal to n, and hence that the rows of A form a basis of R"
and the columns form a basis of R™!. By the definition of matrix multiplication, AAT = I,,
implies that r;.r; = 1 and r;.r; = 0 for ¢ # j, and hence that the rows form an orthonormal
basis of R™. Similarly, ATA = I,, implies that the columns of A form an orthonormal basis
of R™!. Conversely, if the rows or columns of A form an orthonormal basis of R™ or R™!,
then we get AAT = I, or ATA = I,,, both of which imply that AT = A~!; that is, that A4 is
orthogonal. |

Proposition 12.9 Let A be a real symmetric matriz. Then A has an eigenvalue in R, and
all complex eigenvalues of A lie in R.

PRrROOF: (To simplify the notation, we will write just v for a column vector v in this proof.)

The characteristic equation det(A — zI,,) = 0 is a polynomial equation of degree n in z, and
since C is an algebraically closed field, it certainly has a root A € C, which is an eigenvalue
for A if we regard A as a matrix over C. We shall prove that any such X lies in R, which will
prove the proposition.

For a column vector v or matrix B over C, we denote by ¥V or B the result of replacing all
entries of v or B by their complex conjugates. Since the entries of A lie in R, we have A = A.

Let v be a complex eigenvector associated with A\. Then
Av = v (1)
so, taking complex conjugates and using A = A, we get
AV = V. (2)
Transposing (1) and using AT = A gives
viA =T, (3)

so by (2) and (3) we have B
WV = viav = avlv.

But if v = (a1, a0, ... ,an)T, then vIv = aqag +--- + 0, Which is a nonzero real number

(eigenvectors are nonzero by definition). Thus A = A, so A € R. o

Proposition 12.10 Let A be a real symmetric matriz, and let A1, Ao be two distinct eigen-
values of A, with corresponding eigenvectors vi, vo. Then vi.vy = 0.

PROOF: (As in Proposition 12.9, we will write v rather than v for a column vector in this
proof. So vq.vq is the same as vrlva.) We have

AV1 = )\1V1 (1) and AVQ = /\QVQ (2)
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Transposing (1) and using A = A" gives v{ A = A\;v{], and so
viAvy = \ivive (3) and similarly vi Avi = Mava vy (4).

Transposing (4) gives vi Avy = \avi vy and subtracting (3) from this gives (A2—A;)vi vy = 0.
T

Since Ay — A1 # 0 by assumption, we have v{ vy = 0. O
Theorem 12.11 Let A be a real symmetric n xn matriz. Then there exists a real orthogonal
matriz P with P~*AP (= PTAP) diagonal.

PRrROOF: We shall prove this only in the case when the eigenvalues A1,..., A, of A are all
distinct. By Proposition 12.9 we have A\; € R for all ¢, and so there exist associated eigen-
vectors v; € R™!. By Proposition 12.10, we have v;.v; = viij = 0 for ¢ # j. Since each
v; is non-zero, we have v;.v; = o; > 0. By replacing each v; by v;/\/a; (which is also an
eigenvector for )\;), we can assume that v;.v; = 1 for all 7. Since, by Theorem 12.6, the v;
are linearly independent, they form a basis and hence an orthonormal basis of R™!. So, by
Proposition 12.8, the matrix P with columns vi,...,v, is orthogonal. But P~1AP is the
diagonal matrix with entries A1, ..., A,, which proves the result. O

(1)

det(A— M) =(1—-A)?—9=X-2A-8=(A—4)(\+2),
so the eigenvalues of A are 4 and —2. Solving Av = Av for A = 4 and —2, we find cor-
responding eigenvectors (1,1)T and (1,—1)T. Proposition 12.10 tells us that these vectors
are orthogonal to each other (which we can of course check directly!). Their lengths are
both v/2, so so we divide by them by their lengths to give eigenvectors (1/v/2,1/v/2)T and
(1/v/2,-1/4/2)T of length 1.

Example. Let

Then

The basis change matrix P has these vectors as columns, so P = ( Zg _%g > , and we

can check that PTP =I5 (i.e. P is orthogonal) and that

4 0
-1 _ pT —
P AP_PAP_<O_2>.

12.4 Linear recursive sequences

For our final topic we apply eigenvectors to find formulae for some linear recursive sequences.
Let us look at a sequence z; € K defined by a linear recursion
n—1
20 = Q0,21 = Q1,...2n-1 = An_1; Zm = Zaizm_nﬂ-, m>n (4)
i=0
where the scalars a;,a; € K,i =0,1...n — 1 are given upfront. The most famous example
of a linear recursive sequence is Fibonacci numbers

20=0,21 =15 z2;m = 2m—1 + 2m—2, m > 2.
The question we would like to address is how to find an explicit (non-recursive) formula for
Zm. Let us introduce a sequence of vectors in v,,, € K™! and a matrix A € K™™:

Zm4n—1 an—1 Qp—-1 Qp-2 -+ Q2 Q1 «p
Zm4n—2 Ap—9 1 0 cee 0 0 0
: : 0 1 - 0 0 0
Vi = : b= loa=| ARG
Zm+2 as . .
Zm—+1 al 0 0 tee 1 0 0
Zm ag 0 o --- 0 1 0
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If we can find an explicit formula for v, then we can find an explicit formula for z,,. On the
other hand recursive relations (4) are equivalent to a single relation

vo=b, v, = Av,, 1 (6)

that results in an answer
v, = A"b. (7)
We still have to compute v, explicitly in terms of «; and a;. The following theorem is helpful.
The first statement of the theorem is a very special feature of the matrices of linear recursive

sequences. In fact, such a matrix A is already in a certain canonical form, called Sylvester
normal form.

Theorem 12.12 The characteristic polynomial of A is (—1)" (™ — Z;é apzk). If
b =w; +wy +...ws where each w; is an eigenvector with an eigenvalue \; then
Vi = AT'"W1 + AJ'wa + . AT W,

PrOOF: The first statement is by induction. It is clear if n = 1. Having established the first
statement for n — 1, we expand over the last column,

Mp1—T Qn_g *++ Qa2 o1 @
1 —x -+ 0 0 0
0 1 e 0 0 0
det(A —z1I,) = ) =
0 0 1 —x 0
0 0 0 1 —=x
Ap—1— T Qp_2 Qy Q]
1 —x 0 0 1 1”3 8 8
0 1 0 0 )
-z ) (=D g
0 0 —z 0 8 8 L _”;
0 0 1 —=x

n—2 n—1
= ()" @ =Y aggaa®)) + (1) ag = (~1)"(@" — Y agab).
k=0 k=0

The second statement is clear, v, = A™b = A"wi +... A"w, = A\'"wi1 + AJ'wa + ... AT

VW
O

For instance, for Fibonacci numbers

(1))

By Theorem 12.12, the characteristic polynomial of A is 22 — 2 — 1, whose roots are A\; =
(14++/5)/2 and Ag = (1 —+/5)/2. Solving two linear systems (A — \;)x = 0 gives eigenvectors

(15w (17).

Observe that b = 1/2v/5(w; — wy). Using Theorem 12.12, we conclude that
(A, (L8
= —_— W1 —
205 2 ! 2
Looking at the lower entry, we arrive at Binet’s formula,

ol A+VE L 1 =VE L 1+VE L 1=V
an—iﬁﬂ 5 )2 )2%—¢§( 5 )" = ()"

Vm

)mWQ).
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